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❚❤❡ ❢r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠
❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡ ♠♦❞❡❧ ✇✐t❤
❞❡❣❡♥❡r❛t❡ ❡r❣♦❞✐❝ ✇❡✐❣❤ts ❛♥❞ ✉♥❜♦✉♥❞❡❞✲r❛♥❣❡ ❥✉♠♣s
❋r❛♥③✐s❦❛ ❋❧❡❣❡❧ ❛♥❞ ▼❛rt✐♥ ❍❡✐❞❛
❆❜str❛❝t
❲❡ st✉❞② ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❞✐s❝r❡t❡ p✲▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs ✐♥ t❤❡ r❛♥❞♦♠ ❝♦♥❞✉❝t❛♥❝❡
♠♦❞❡❧ ✇✐t❤ ❧♦♥❣✲r❛♥❣❡ ❥✉♠♣s ❛♥❞ ❡r❣♦❞✐❝ ✇❡✐❣❤ts✳ ❯s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠✱ ✇❡ s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ✜rst ♠♦♠❡♥ts ❛♥❞ ❛ s✉✐t❛❜❧❡
❧♦✇❡r ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✇❡✐❣❤ts✱ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❧✐♠✐t ♦♣❡r❛t♦r ✐s ❛ ❢r❛❝t✐♦♥❛❧
p✲▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳
❯♥❞❡r str❡♥❣t❤❡♥❡❞ ❧♦✇❡r ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ ❛♣♣❧② ♦✉r ✐♥s✐❣❤ts ❛❧s♦ t♦ t❤❡
s♣❡❝tr❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ▲❛♣❛❧❛❝❡ ♦♣❡r❛t♦r t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❢r❛❝t✐♦♥❛❧
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳
✶ ■♥tr♦❞✉❝t✐♦♥
■♥ ❛ r❡❝❡♥t ✇♦r❦ ❬✾❪✱ t❤❡ ❛✉t❤♦rs t♦❣❡t❤❡r ✇✐t❤ ❙❧♦✇✐❦ st✉❞✐❡❞ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ ❞✐s❝r❡t❡
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ♦♥ Zdε := εZ









(u(y)− u(x)) . ✭✶✮
❚❤❡ ♦♣❡r❛t♦r ✇❛s st✉❞✐❡❞ ♦♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✉♥❞❡r ♣r♦♣❡r r❡s❝❛❧✐♥❣ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ωx,y ❜❡✐♥❣ r❛♥❞♦♠ ❛♥❞ ♣♦s✐t✐✈❡ ✇✐t❤ ωx,y = ωy,x✱ t❤❡ ♦♣❡r❛t♦r
Lε ❛❝ts ♦♥ ❢✉♥❝t✐♦♥s Z
d
ε → R✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐♥ ❬✾❪ r❡❛❞s
Lεu(x) = f(x) , u(x) = 0 ♦♥ Z
d
ε\Q . ✭✷✮
❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ωx,y ✐♠♣♦s❡❞ ✐♥ ❬✾❪ ❛r❡ ❡r❣♦❞✐❝✐t② ❛♥❞ st❛t✐♦♥❛r✐t② ✐♥ x✱ t♦❣❡t❤❡r ✇✐t❤ ❛
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✷
✇❤❡r❡ ei ✐s t❤❡ i✲t❤ ✉♥✐t ✈❡❝t♦r ✐♥ Z
d✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ✐t ❝♦✉❧❞ ❜❡ s❤♦✇♥ t❤❛t
✐♥ t❤❡ ❧✐♠✐t ε → 0 t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♦♣❡r❛t♦r ♦♥ L2(Q) ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r
∇ · (Ahom∇•) ♦♥ Q ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤❡r❡ Ahom ∈ R
d×d ✐s s②♠♠❡tr✐❝
❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳
■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ✜♥❞✐♥❣s ♦❢ ❬✾❪ t♦ t❤❡ ❝❛s❡ ♦❢ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥s✳












✇❤❡r❡ c ✐s st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ♦♥ Z2d ❛♥❞ r❡❧❛t❡s t♦ ω t❤r♦✉❣❤
cx,y := ωx,y |x− y|
d+2s .
◆♦t❡ t❤❛t t❤❡ ♣r❡❢❛❝t♦r εd ❜❛❧❛♥❝❡s |x− y|d ❛♥❞ ε−2 ✐s ❝❤❛♥❣❡❞ ✐♥t♦ ε−2s✱ r❡s♣❡❝t✐✈❡❧② ✐♥t♦
|x− y|2s✳
❖♥❡ ♠✐❣❤t ❡①♣❡❝t ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ ❧✐♠✐t ♦♣❡r❛t♦r ✐s ♥♦ ❧♦♥❣❡r ❛ s❡❝♦♥❞ ♦r❞❡r ❡❧❧✐♣t✐❝
♦♣❡r❛t♦r ❜✉t r❛t❤❡r ❛ ♥♦♥❧♦❝❛❧ ❢r❛❝t✐♦♥❛❧ ♦♣❡r❛t♦r ♦❢ t❤❡ ❢♦r♠






✇❤❡r❡ PV st❛♥❞s ❢♦r ♣r✐♥❝✐♣❧❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧✳ ❲❡ r❡❢❡r t♦ ❬✶✺❪ ❢♦r ❛ ❧✐st ♦❢ ❡q✉✐✈❛❧❡♥t
❝❤❛r❛❝t❡r✐③❛t✐♦♥s✱ ❛♠♦♥❣ ✇❤✐❝❤ t❤❡ ♠♦st ❝♦♠♠♦♥ ✐s t❤❡ ❋♦✉r✐❡r✲s②♠❜♦❧ |ξ|2s✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ❛❜♦✈❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❖✉r


















✇❤❡r❡ ✇❡ ✇✐❧❧ st✉❞② ❜♦t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦♥ t❤❡ ✇❤♦❧❡ ♦❢ Rd ❛♥❞ ♦♥ t❤❡ r❡str✐❝t✐♦♥
u(x) = 0 ❢♦r x 6∈ Q✱ ✇❤❡r❡ Q ⊂ Rd ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t ❢✉♥❝t✐♦♥❛❧













❚❤✉s✱ ✐♥ s♦♠❡ s❡♥s❡✱ ✇❡ ✇✐❧❧ ♣❛rt✐❛❧❧② ❣❡♥❡r❛❧✐③❡ ♣r❡✈✐♦✉s ✇♦r❦ ❜② ◆❡✉❦❛♠♠✱ ❙❝❤ä✛♥❡r
❛♥❞ ❙❝❤❧ö♠❡r❦❡♠♣❡r❬✶✻❪ ♦♥ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ♥♦♥✲❝♦♥✈❡① ❢✉♥❝t✐♦♥❛❧s ✇✐t❤ ✜♥✐t❡
r❛♥❣❡✳ ■♥ ❝❛s❡ V (ξ) = |ξ|p t❤✐s ❢✉♥❝t✐♦♥❛❧ ❣❡♥❡r❛t❡s t❤❡ ❢r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✭s❡❡
❬✶✶❪ ❛♥❞ r❡❢❡r❡♥❝❡ t❤❡r❡✐♥✮✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ s❤♦rt❧② r❡❝❛❧❧ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✲
❛❧s✳
■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ♦✉r ✇❛② t♦ ❛♣♣r♦❛❝❤ t❤✐s ♣r♦❜❧❡♠✱ ♥♦t❡ t❤❛t t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥















❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✸


















❲❡ ✇✐❧❧ ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ❝♦♥str❛✐♥t u(x) = 0 ♦♥ Zdε\Q✳
■♥ t❤❡ ❝♦♥t✐♥✉✉♠✱ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥❛❧ ✐s ❦♥♦✇♥ ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧










❚❤❡ ♠✐♥✐♠✐③❡rs ♦❢ E2,s ❧✐❡ ✐♥ t❤❡ s♣❛❝❡ W
s,p(Rd)✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳
❍❡♥❝❡✱ ❛ Γ✲❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r E2,s,ε
Γ
−→ E2,s ✐♠♣❧✐❡s ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ✭✻✮ t♦





dy = f ,
s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳
❖♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s Q ⊂ Rd✱ t❤❡r❡ ✐s ❛ ♣r♦❜❧❡♠ t❤♦✉❣❤✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s r❡❧❛t❡❞ t♦ t❤❡
❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ s♣❛❝❡s
W s,p(Q) ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ ✐♥ ❝❛s❡ s ≤ 1
p
❛♥❞ ❤❡♥❝❡ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ E2,s ❛r❡ ♥♦t ✉♥✐q✉❡
✉♣ t♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥ (−∆)2s u = 0✳
❲❡ t❛❦❡ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t ❜② st✉❞②✐♥❣ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❢✉♥❝t✐♦♥❛❧s ✇❤✐❝❤ ❛r❡ ❛ ❜✐t


















✇❤❡r❡ Qε = Q ∩ Zdε✳❋r♦♠ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t t❤❡♥ ♠❛❦❡s s❡♥s❡ t♦ ❝♦♥s✐❞❡r
t❤❡ r❡str✐❝t✐♦♥ ♦❢ Ep,s,ε,Q t♦ ❢✉♥❝t✐♦♥s ✇✐t❤ ③❡r♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ③❡r♦ ♠❡❛♥ ✈❛❧✉❡
❝♦♥❞✐t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❢♦r♠✉❧❛t❡ ❞✐s❝r❡t❡ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s✱ ❧❡t
∂Qε =
{





















❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇✱ ✇❡ ❡✈❡♥ ♦❜t❛✐♥ ❛ ❦✐♥❞ ♦❢ ▼♦s❝♦ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ s✉✐t❛❜❧❡
s♣❛❝❡s Lr(Q)✳ ▼♦s❝♦ ❝♦♥✈❡r❣❡♥❝❡ ♠❡❛♥s t❤❛t t❤❡ lim inf✲❡st✐♠❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ✇❡❛❦❧②
❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡s ✇❤✐❧❡ t❤❡ r❡❝♦✈❡r② s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t✉❞ ✇✐t❤ r❡s♣❡❝t t♦ str♦♥❣
❝♦♥✈❡r❣❡♥❝❡✳
❖✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts r❡st ✉♣♦♥ ❛ ✇❡❧❧✲❜❛❧❛♥❝❡❞ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ p✱ s✱ c ❛♥❞ d✱ ✇❤✐❝❤
✇❡ ❢♦r♠✉❧❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts✿
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✹
❆ss✉♠♣t✐♦♥ ✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ c ✐s ❡r❣♦❞✐❝ ✐♥ Zd×Zd ✇✐t❤ E(c) <∞






❛♥❞ r ∈ (1, p) s✉❝❤ t❤❛t





■♥ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❝❛s❡ s = 1 ❛♥❞ p = 2✱ t❤❡ ❧❛st ❛ss✉♠♣t✐♦♥ r❡❞✉❝❡s t♦ q > d
2
✳ ❍❡♥❝❡
❆ss✉♠♣t✐♦♥ ✶ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❬✾❪✱ ✇❤✐❝❤ ✇❡ r❡❝❛❧❧❡❞ ✐♥ ✭✸✮✕✭✹✮✳
■♥ ✈✐❡✇ ♦❢ ❬✾❪ ♦♥❡ ❝♦✉❧❞ ❣❡t t❤❡ ✐❞❡❛ t❤❛t ♦✉r s❡tt✐♥❣ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❧❛①❛t✐♦♥ ♦❢







<∞ , s ∈ (0, 1) . ✭✽✮









❆s ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✸✻ ❜❡❧♦✇✱ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ▲❡♠♠❛ ✸✺ s✉❣❣❡sts t❤❛t ✭✽✮ ❧❡❛❞s t♦
❛ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ Lε ✐♥ t❤❡ ❧✐♠✐t ε→ 0✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ❧✐♠✐t ✐s ❞✐✛❡r❡♥t ❢r♦♠ ❛ ❢r❛❝t✐♦♥❛❧✱
♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r✳ ❘❡❝❡♥t r❡s✉❧ts ❧✐❦❡ ✐♥ ❬✶✻❪ s✉❣❣❡st t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❧✐♠✐t ♣r♦❜❧❡♠
r❡❞✉❝❡s t♦ ❛ ✏❝❡❧❧✲♣r♦❜❧❡♠✑✱ ✐✳❡✳ ❛ ❧✐♥❡❛r ♣r♦❜❧❡♠ ❢♦r t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t♦r✳
❘❡♠❛r❦ ✷✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❚❤❡♦r❡♠s ✹✕✼✱ s❡q✉❡♥❝❡s uε ✇✐t❤ ❜♦✉♥❞❡❞ Ep,s,ε(uε) ♦r Eε,p,Q(uε)
❛r❡ ❜♦✉♥❞❡❞ ✐♥ Lr(Zdε) ♦r L









■♥ ♣❛rt✐❝✉❧❛r✱ ✐t t✉r♥s ♦✉t t❤❛t q > 2d
ps
✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ uε
✐♥ Lp(Qε)✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ s✉✐t❛❜❧❡ ❜♦✉♥❞s ♦♥ uε ✐♥ L




✐s r❡❧❛t❡❞ t♦ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t p⋆ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢
❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ✇❤✐❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✼✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡
r❛♥❞♦♠ ✇❡✐❣❤ts c ✇✐❧❧ ❢♦r❝❡ ✉s t♦ ❧♦✇❡r t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ p⋆ ✇✐t❤ ❞❡❝r❡❛s✐♥❣ q✳
❲❡ ✜♥❛❧❧② ✐♥tr♦❞✉❝❡ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ V ✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✲
✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝❡ ♣♦t❡♥t✐❛❧ ❛♥❞ ❛r❡ ❛❧s♦ ♥❛t✉r❛❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❙♦❜♦❧❡✈
s♣❛❝❡s ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡✳
❆ss✉♠♣t✐♦♥ ✸✳ ❲❡ ❛ss✉♠❡ t❤❛t V : Rm → R ✐s ❝♦♥✈❡①✱ ❧♦✇❡r s❡♠✐ ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡r❡
❡①✐sts α, β, c > 0 s✉❝❤ t❤❛t
α|ξ|p ≤ V (ξ) ≤ c+ β|ξ|p ,
ξ 7→ |ξ|−pV (ξ) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ 0 .
❚❤❡ st✉❞② ♦❢ ❞✐s❝r❡t❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ❤❛s s♦♠❡ ❤✐st♦r② st❛rt✐♥❣ ❢r♦♠ ✇♦r❦s ❜② ❑ü♥♥❡✲
♠❛♥♥❬✶✹❪ ❛♥❞ ❑♦③❧♦✈❬✶✸❪✳ ❚❤❡ ✐♥t❡r❡st ✐♥ t❤✐s t♦♣✐❝ ❤❛s ❜❡❡♥ tr❡♠❡♥❞♦✉s ❜♦t❤ ❢r♦♠ t❤❡
♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❡✳❣✳ ❛s ❛ ♠♦❞❡❧ ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✭s❡❡ ❬✸✱ ✺❪✮✱ ♦r ❢r♦♠ ♠❛t❤❡♠❛t✐❝❛❧
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✺
♣♦✐♥t ♦❢ ✈✐❡✇ ✇❤❡♥ st✉❞②✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❡♠❡s ✭s❡❡ ❬✸✱ ✶✸❪ ♦r ❬✶✵❪ ❢♦r ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✮✳
❚❤❡ ❝✉rr❡♥t r❡s❡❛r❝❤ ♣❛rt✐❝✉❧❛r❧② ❢♦❝✉s❡s ♦♥ ❤✐❣❤❡r ♦r❞❡r ❝♦rr❡❝t♦r ❡st✐♠❛t❡s✱ s❡❡ ❡✳❣✳ ❬✷❪ ❛♥❞
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ✇♦r❦s ✇❤❡r❡ ♦♥ ✜♥✐t❡ r❛♥❣❡ ❥✉♠♣s ✇❤✐❧❡ ♠♦❞❡❧s
❢♦r ❧♦♥❣✲r❛♥❣❡ ❥✉♠♣s ❛r❡ ♥♦t r❡❧❛t❡❞ t♦ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♠❡t❤♦❞s ♦r ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ s✐t✉❛t✐♦♥ st✉❞✐❡❞ ✐♥ t❤✐s ♣❛♣❡r ❧❡❛✈❡s t❤❡ r❡❛❧♠ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛s ✐t
❛❝❝♦✉♥ts ❢♦r ▲❡✈✐✲✢✐❣❤ts✱ s✉❝❤ ❛s ❛r❡ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❜❛❝t❡r✐❛✳
❚❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r s❡❡♠s t♦ ❜❡ ♦♥❧② r❡❝❡♥t ❛♥❞ r❛t❤❡r
✉♥❡①♣❧♦r❡❞✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ❛ ❢❡✇ r❡s✉❧ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✿ ▼♦st ♦❢ t❤❡♠ ❛r❡ ❢♦❝✉s❡❞ ♦♥
t❤❡ ♣❡r✐♦❞✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r (−∆)s✱ st❛rt✐♥❣
❢r♦♠ ❛ ✇♦r❦ ❜② P✐❛t♥✐ts❦✐✐ ❛♥❞ ❩❤✐③❤✐♥❛ ❬✶✽❪✳ ❆ ✜rst r❡s✉❧t ♦♥ t❤❡ st♦❝❤❛st✐❝ ❤♦♠♦❣❡♥✐③❛t✐♦♥
♦❢ t❤❡ ✭❝♦♥t✐♥✉✉♠✮ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✇✐t❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ c ✐s ❣✐✈❡♥ ✐♥ ❬✶✾❪✳ ❲❡
✇✐❧❧ ♥♦t ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❬✶✾❪ ❛♥❞ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❜✉t ✇❡ ❡①♣❡❝t t❤❛t t❤❡
♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❜❡❧♦✇ ❝♦✉❧❞ ❤❡❧♣ t♦ ❣❡♥❡r❛❧✐③❡ ❬✶✾❪ t♦ ♥♦♥✲✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥ts
✇✐t❤ ❜♦✉♥❞❡❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳
❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❞✐s❝r❡t❡ ♦♣❡r❛t♦rs✱ ♦✉r ✇♦r❦ ✐s ♦❢ ❝♦✉rs❡ r❡❧❛t❡❞ t♦ ♦✉r ♣r❡✈✐♦✉s
r❡s✉❧t ❬✾❪ ❜✉t ❛❧s♦ t♦ ❛ r❡❝❡♥t r❡s✉❧t ❜② ❈❤❡♥✱ ❑✉♠❛❣❛✐ ❛♥❞ ❲❛♥❣ ❬✻❪✳ ❚❤❡s❡ ❛✉t❤♦rs s❤♦✇
❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝❡ ♦♥ Zd ✐♥ ❝❛s❡ d > 4 − 4s ❛♥❞ ✉♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ E(ωp) + E(ω−q) < ∞ ✇❤❡r❡ p > Cd,α > 1 ❛♥❞ q > 2
d+2
2
✳ ◆♦t❡ t❤❛t t❤❡ ❛✉t❤♦rs
♦❢ ❬✻❪ ❛❧s♦ ❛❧❧♦✇ ❢♦r ♣❡r❝♦❧❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❡①❝❧✉❞❡ ❢♦r s✐♠♣❧✐❝✐t②✳ ❍❡♥❝❡ t❤❡s❡ r❡s✉❧ts ❛r❡
❝♦♠♣❧❡♠❡♥t✐♥❣ ❡❛❝❤ ♦t❤❡r✳
❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✿ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✜rst ♣r♦✈✐❞❡ ▼♦s❝♦ ❝♦♥✲
✈❡r❣❡♥❝❡ ♦❢ Ep,s,ε ❛♥❞ Ep,s,ε,Q t♦ Ep,s ❛♥❞ Ep,s,Q r❡s♣❡❝t✐✈❡❧②✳ ❘❡❝❛❧❧ t❤❛t ▼♦s❝♦ ❝♦♥✈❡r❣❡♥❝❡
✐s s❧✐❣❤t❧② str♦♥❣❡r t❤❛♥ ✇❡❛❦ ♦r str♦♥❣ Γ✲❝♦♥✈❡r❣❡♥❝❡✳ ❇❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❢♦r♠✉✲
❧❛t❡ ♦✉r ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ ✐♥❝❧✉❞✐♥❣ ❛❧s♦ s♣❡❝tr❛❧
❤♦♠♦❣❡♥✐③❛t✐♦♥ ✐♥ ❝❛s❡ q > 2d
ps
✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❛ ♣r♦✈✐❞❡ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡ ♦♥ ❢r❛❝t✐♦♥❛❧
❙♦❜♦❧❡✈ s♣❛❝❡s ❛♥❞ ❣❡♥❡r❛❧✐③❡ t❤❡s❡ t♦ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✳ ▲❡♠♠❛ ✸✵ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ❝❛♥
❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❤❡❛rt ♦❢ ♦✉r ❤♦♠♦❣❡♥✐③❛t✐♦♥ r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❡ ♣r♦✈❡ t❤❡
♠❛✐♥ t❤❡♦r❡♠s ❢r♦♠ ❙❡❝t✐♦♥ ✷✳ ❋♦r r❡❛❞❛❜✐❧✐t② ♦❢ ❙❡❝t✐♦♥ ✸✱ ✇❡ s❤✐❢t s♦♠❡ st❛♥❞❛r❞ ♣r♦♦❢s
t♦ t❤❡ ❛♣♣❡♥❞✐①✳
✷ ▼❛✐♥ r❡s✉❧ts
❚❤❡ ❞✐s❝r❡t❡ s♣❛❝❡✱ ♦♥ ✇❤✐❝❤ ♦✉r ❢✉♥❝t✐♦♥❛❧s Ep,s,ε ❛♥❞ Ep,s,ε,Q ❛r❡ ❞❡✜♥❡❞✱ ❛r❡ ❞❡♥♦t❡❞
Hε :=
{
u : Zdε → R
}
, r❡s♣✳ Hε(Q) := {u ∈ H
ε : ∀x 6∈ Q : u(x) = 0} .
❍♦✇❡✈❡r✱ t❤❡ ❧✐♠✐t ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ Rd ❛♥❞ ✐♥ ♦r❞❡r t♦
❝♦♠♣❛r❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥s ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦rs R∗ε t❤r♦✉❣❤
R∗εu(x) = u(xi) ✐❢ xi ∈ Z
d










❆s ♦❜s❡r✈❡❞ ✐♥ ❬✾❪✱ t❤❡ ♦♣❡r❛t♦r R∗ε ✐s t❤❡ ❞✉❛❧ ♦❢ t❤❡ ♦♣❡r❛t♦r







u(y)dy ✐❢ xi ∈ Z
d










❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✻
✷✳✶ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡♥❡r❣② Ep,s,ε
❖♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s Q ⊂ Rd ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦❢ Ep,s,ε✳
❚❤❡♦r❡♠ ✹✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ▲❡t c✱ s✱ p✱ q ❛♥❞ V s❛t✐s❢② ❆ss✉♠♣t✐♦♥s
✶ ❛♥❞ ✸✱ G : R → R ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥✈❡① ✇✐t❤ G(ξ) ≤ α|ξ|m✱ α > 0✱ m < p⋆
q
✱ ❛♥❞
❧❡t fε ∈ Hε ❜❡ s✉❝❤ t❤❛t R
∗





< 1✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ Ep,s,ε
r❡str✐❝t❡❞ t♦ Hε(Q) ▼♦s❝♦✲❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ Ep,s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿
✶✳ ❋♦r r = r
∗
r∗−1
t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t
∀uε ∈ Hε(Q) : ‖uε‖Lr(Qε) ≤ CEp,s,ε(uε) ❢♦r ❛❧❧ ε > 0 .
❋♦r ❡✈❡r② s❡q✉❡♥❝❡ uε ∈ Hε(Q) s✉❝❤ t❤❛t supε Ep,s,ε(uε) <∞ t❤❡r❡ ❡①✐sts u ∈ W
s,p(Q)✱
u = 0 ♦♥ Rd\Q✱ ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ R∗εuε → u ♣♦✐♥t✇✐s❡ ❛✳❡✳ ✇✐t❤ R
∗




Ep,s,ε(uε) ≥ Ep,s(u) ,
✷✳ ❋♦r ❡✈❡r② u ∈ W s,p(Q) ❛♥❞ r = r
∗
r∗−1




u str♦♥❣❧② ✐♥ Lr(Q) ❛♥❞
lim sup
ε→0
Ep,s,ε(uε) = Ep,s(u) . ✭✾✮
◆♦t❡ t❤❛t ❢♦r q > 2d
ps
✇❡ ❝❛♥ ❝❤♦♦s❡ r = p✳
❚❤❡♦r❡♠ ✺✳ ▲❡t c✱ s✱ p✱ q ❛♥❞ V s❛t✐s❢② ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✸✱ ❛♥❞ ❧❡t t❤❡ s❡q✉❡♥❝❡ fε ❛♥❞
t❤❡ ❢✉♥❝t✐♦♥ G : R→ R s❛t✐s❢② ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
✶✳ G ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥✈❡① ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞ C0,1 ❞♦♠❛✐♥ Q ⊂ Rd s✉❝❤
t❤❛t ❡✈❡r② fε ❤❛s s✉♣♣♦rt ✐♥ Q✳ ❋✉rt❤❡r♠♦r❡ R
∗











❋✉rt❤❡r♠♦r❡✱ R∗εfε ⇀ f ✐♥ L
r∗(Q)✳
❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ Ep,s,ε r❡str✐❝t❡❞ t♦ Hε ▼♦s❝♦✲❝♦♥✈❡r❣❡s t♦ Ep,s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿
✶✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t supε Ep,s,ε(uε) < ∞ t❤❡r❡ ❡①✐sts u ∈ W
s,p(Rd)✱
❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ε′ → 0 s✉❝❤ t❤❛t R∗ε′uε′ → u ♣♦✐♥t✇✐s❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❛♥❞
lim inf
ε→0
Ep,s,ε(uε) ≥ Ep,s(u) ,
✷✳ ❋♦r ❡✈❡r② u ∈ W s,p(Rd) t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t R
∗
εu




Ep,s,ε(uε) = Ep,s(u) . ✭✶✵✮
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✼
✷✳✷ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡♥❡r❣② Ep,s,ε,Q
❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ t❤❡♦r❡♠s ❞❡❛❧ ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ Ep,s,ε,Q✳ ■♥ t❤✐s
✇♦r❦✱ ✇❡ ✇✐❧❧ st✉❞② Ep,s,ε,Q ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s uε|∂Qε ≡ 0✱ ♠❡❛♥ ✈❛❧✉❡ ❝♦♥❞✐t✐♦♥s ♦r
✇✐t❤ s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ♦♥ G✳ ■♥ ❛ ✜rst st❡♣✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s s✐♠✐❧❛r t♦ t❤❡
❝♦♥t✐♥✉✉♠ ❝❛s❡✿
Hε,0(Q) := {u ∈ Hε(Q) : ∀x ∈ ∂Q
ε u(x) = 0} ,
Hε,(0)(Q) :=
{






❚❤❡♦r❡♠ ✻✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ C0,1✲❞♦♠❛✐♥✳▲❡t c✱ s✱ p✱ q ❛♥❞ V s❛t✐s❢② ❆ss✉♠♣t✐♦♥s
✶ ❛♥❞ ✸✱ sp > 1✱ G : R→ R ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥✈❡① ✇✐t❤ G(ξ) ≤ α|ξ|m✱α > 0✱ m < p⋆
q
✱ ❛♥❞
❧❡t fε ∈ Hε ❜❡ s✉❝❤ t❤❛t R
∗





< 1✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ Ep,s,ε,Q
r❡str✐❝t❡❞ t♦ Hε,0(Q) ▼♦s❝♦✲❝♦♥✈❡r❣❡s t♦ Ep,s r❡str✐❝t❡❞ t♦ W
s,p
0 (Q) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿
✶✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t supε Ep,s,ε(uε) < ∞ t❤❡r❡ ❡①✐sts u ∈ W
s,p
0 (Q)✱
u = 0 ♦♥ Rd\Q✱ ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ R∗εuε → u ♣♦✐♥t✇✐s❡ ❛✳❡✳ ✇✐t❤ R
∗
εuε → u str♦♥❣❧②






Ep,s,ε,Q(uε) ≥ Ep,s(u) ,
✷✳ ❋♦r ❡✈❡r② u ∈ W s,p0 (Q) t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t R
∗
εu
ε → u str♦♥❣❧② ✐♥






Ep,s,ε(uε) = Ep,s(u) . ✭✶✶✮
■❢ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ③❡r♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡
r❡♣❧❛❝❡♠❡♥t t❤❛t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♥❡❝❡ss❛r② ✭❝♦♠♣❛❝t✮ ❡♠❜❡❞❞✐♥❣s ❤♦❧❞✳ ❲❡ ✉s❡ t❤❡
❝♦♥❝❡♣t ♦❢ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✺✳
❚❤❡♦r❡♠ ✼✳ ▲❡t c✱ s✱ p✱ q ❛♥❞ V s❛t✐s❢② ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✸✱ G : R→ R ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞
❝♦♥✈❡① ✇✐t❤ G(ξ) ≤ α|ξ|m✱α > 0✱ m < p⋆
q
✱ ❛♥❞ ❧❡t fε ∈ Hε ❜❡ s✉❝❤ t❤❛t R
∗






< 1✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ Ep,s,ε,Q r❡str✐❝t❡❞ t♦ Hε,(0)(Q) ▼♦s❝♦✲❝♦♥✈❡r❣❡s t♦ Ep,s
r❡str✐❝t❡❞ t♦ W s,p(0) (Q) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿
✶✳ ❋♦r ❡✈❡r② s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t supε Ep,s,ε(uε) < ∞ t❤❡r❡ ❡①✐sts u ∈ W
s,p(Q)✱
u = 0 ♦♥ Rd\Q✱ ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ R∗εuε → u ♣♦✐♥t✇✐s❡ ❛✳❡✳ ✇✐t❤ R
∗
εuε → u str♦♥❣❧②






Ep,s,ε(uε) ≥ Ep,s(u) ,
✷✳ ❋♦r ❡✈❡r② u ∈ W s,p(Q) t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ uε ∈ Hε s✉❝❤ t❤❛t R
∗
εuε → u str♦♥❣❧② ✐♥






Ep,s,ε(uε) = Ep,s(u) . ✭✶✷✮
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✽
✷✳✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✭s♣❡❝tr❛❧✮ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧
▲❛♣❧❛❝❡ ♦♣❡r❛t♦r




✐♠♣❧✐❡s str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs R∗εuε → u ✐♥ L
2(Q) ✇❤❡r❡ u ✐s t❤❡ ♠✐♥✐♠✐③❡r ♦❢ t❤❡





dy = f(x) .
❲❡ r❡❝❛❧❧ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
❚❤❡♦r❡♠ ✽✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ❤♦❧❞ ✇✐t❤ p = 2✳ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts















❛♥❞ ❛s ε → 0 ✇❡ ✜♥❞ R∗εuε → u str♦♥❣❧② ✐♥ L
r(Q) ❛♥❞ u ∈ W s,2(Rd) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
t♦ t❤❡ ❡q✉❛t✐♦♥











✇❤❡r❡ u = 0 ♦✉ts✐❞❡ ♦❢ Q✳
Pr♦♦❢✳ ▲❡t u ❜❡ t❤❡ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r ♦❢ E2,s ❛♥❞ ❧❡t u
∗





str♦♥❣❧② ✐♥ Lr(Q) ❛♥❞ ✭✾✮ ❤♦❧❞s✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t uε ∈ Hε(Q) ❜❡ t❤❡ ♠✐♥✐♠✐③❡r ♦❢ Eε,2 ❛♥❞
❧❡t u˜ = limε→0R
∗





ε) ≥ lim inf
ε→0
E2,s,ε(uε) ≥ E2,s(u˜) ≥ E2,s(u) .
✇❤❡r❡ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② t❤❛t u ✐s t❤❡ ♠✐♥✐♠✐③❡r ♦❢ E2,s✳ ❙✐♥❝❡ t❤❡ ♠✐♥✐♠✐③❡r ♦❢
E2,s ✐s ✉♥✐q✉❡✱ ✇❡ ♦❜t❛✐♥ u˜ = u ❛♥❞ t❤❡ ❚❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳
■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✳
❚❤❡♦r❡♠ ✾✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✺ ❤♦❧❞ ✇✐t❤ p = 2✳ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts















❛♥❞ ❛s ε→ 0 ✇❡ ✜♥❞ R∗εuε → u ♣♦✐♥t✇✐s❡ ✇❤❡r❡ u ∈ W
s,2(Rd) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡
❡q✉❛t✐♦♥
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✾
❚❤❡♦r❡♠ ✶✵✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻ ❤♦❧❞ ✇✐t❤ p = 2✳ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡















❛♥❞ ❛s ε → 0 ✇❡ ✜♥❞ R∗εuε → u str♦♥❣❧② ✐♥ L
r(Q) ❛♥❞ u ∈ W s,20 (Q) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
t♦ t❤❡ ❡q✉❛t✐♦♥











❚❤❡♦r❡♠ ✶✶✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✼ ❤♦❧❞ ✇✐t❤ p = 2✳ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡















❛♥❞ ❛s ε → 0 ✇❡ ✜♥❞ R∗εuε → u str♦♥❣❧② ✐♥ L
r(Q) ❛♥❞ u ∈ W s,2(0) (Q) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
t♦ t❤❡ ❡q✉❛t✐♦♥











❲❡ ✜♥❛❧❧② t❛❦❡ ❛ ❧♦♦❦ ♦♥ t❤❡ t♦♣✐❝ ♦❢ s♣❡❝tr❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥✳ ❚❤❡♦r❡♠ ✸✶ t♦❣❡t❤❡r ✇✐t❤
❘❡♠❛r❦ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✻ s❤♦✇s t❤❛t t❤❡ ♦♣❡r❛t♦rs Bεc : Hε(Q) → Hε,0(Q)✱ ✇❤❡r❡ B
ε
c(f)





ε − u‖L(Q) → 0 ❛s ε→ 0 ,
✐❢ R∗εf
ε ⇀ f ✇❤❡r❡ u ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✹✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s♦❧✉t✐♦♥ ♦♣❡r❛t♦r B t♦ ✭✶✹✮
✐s ❝♦♠♣❛❝t ❜② t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ W s,2(Q) →֒ L2(Q)✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t ❢r♦♠ ❬✶✷❪✱ ❚❤❡♦r❡♠ ✶✶✳✹ ❛♥❞ ✶✶✳✺ ❢♦❧❧♦✇✐♥❣ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✽ ♦❢ ❬✾❪✳
❚❤❡♦r❡♠ ✶✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻ ❧❡t µεk ❜❡ t❤❡ k✲t❤ ❡✐❣❡♥✈❛❧✉❡ ✭✐✳❡✳ µ
ε
1 ≥
µε2 ≥ . . . ✮ ❛♥❞ ψ
ε
k t❤❡ k✲t❤ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ B
ε
c ✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t µk ❜❡ t❤❡ k✲t❤ ❡✐❣❡♥✈❛❧✉❡
❛♥❞ ψk t❤❡ k✲t❤ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ B✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳
• ▲❡t k ∈ N ❛♥❞ ❧❡t εm ❜❡ ❛ ♥✉❧❧ s❡q✉❡♥❝❡✳ ❚❤❡♥ t❤❡r❡ P✲❛✳s✳ ❡①✐sts ❛ ❢❛♠✐❧② {ψ
0
j}1≤j≤k
♦❢ ❡✐❣❡♥✈❡❝t♦rs ♦❢ B ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ st✐❧❧ ✐♥❞❡①❡❞ ❜② εm s✉❝❤ t❤❛t(
R∗εmψ
εm












str♦♥❣❧② ✐♥ L2(Q) .
• ■❢ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ µk ✐s ❡q✉❛❧ t♦ s✱ ✐✳❡✳
µk−1 > µk = µk+1 = · · · = µk+s > µk+s+1







✇❤❡r❡ ψε ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦r Bεc ❝♦rr❡s♣♦♥❞✐♥❣
t♦ µεk, . . . , µ
ε
k+s✳
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✶✵
✸ Pr❡❧✐♠✐♥❛r✐❡s
❲❡ ✜rst ✜① s♦♠❡ ❝♦♥✈❡♥✐❡♥t ♥♦t❛t✐♦♥ ❢♦r ❞✐s❝r❡t❡ ✐♥t❡❣r❛❧s ✭✐✳❡✳ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ s✉♠s✮





❛♥❞ ♥♦t❡ t❤❛t |A|ε → |A|



















ε ✐s ❛ ❞✐s❝r❡t❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ✐♥t❡❣r❛❧
´
✳
✸✳✶ ❉✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❙♦❜♦❧❡✈✕❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s
















✐s t❤❡ ●❛❣❧✐❛r❞♦ s❡♠✐♥♦r♠✳ ❚❤✐s ❢❛♠✐❧② ♦❢ s♣❛❝❡s ✐s ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✽✱ ✷✶❪✳
■♥ ❣❡♥❡r❛❧✱ t❤❡② ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ W 1,p(Rd) ❛♥❞ Lp(Rd)✱ s❡❡ ❡✳❣✳
❬✶✱ ✷✶❪✱ ❜✉t ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♦✉t❧✐♥❡ ♦❢ ❬✽❪✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❙♦❜♦❧❡✈✕❙❧♦❜♦❞❡❝❦✐❥





s,p,Q✱ ✇❤❡r❡ t❤❡ s❡♠✐✲♥♦r♠ [u]
p









❆s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❚❤❡♦r❡♠ ✺✳✹ ♦❢ ❬✽❪✱
t❤❡ ❡①t❡♥t✐♦♥ ♦♣❡r❛t♦r W s,p(Q) →֒ W s,p(Rd) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❡✈❡r② s ∈ (0, 1] ✭✶✺✮
✐❢ ∂Q ✐s ❜♦✉♥❞❡❞ ❛♥❞ ♦❢ ❝❧❛ss C0,1✳ Pr♦♣❡rt② ✭✶✺✮ ✐s ❝❛❧❧❡❞ t❤❡ W s,p✲❡①t❡♥s✐♦♥ ♣r♦♣❡rt② ♦❢
❞♦♠❛✐♥s Q ❛♥❞ ✐t ✐s ✉s❡❞ t♦ ♣r♦✈❡ ❝♦♠♣❛❝t♥❡ss ♦❢ ❡♠❜❡❞❞✐♥❣s W s,p(Q) →֒ W s
′,p(Q) ❢♦r






> 0✳ ■❢ ∂Q ✐s
❜♦✉♥❞❡❞ ❛♥❞ ♦❢ ❝❧❛ss C0,1 ❛♥❞ sp > 1✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❝♦♥s✐❞❡r
W s,p0 (Q) := {u ∈ W
s,p(Q) : u|∂Q ≡ 0} ,
❛s ✐♥ t❤✐s ❝❛s❡ t❤❡ tr❛❝❡ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✶✶
❘❡♠❛r❦ ✶✸✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s♣❛❝❡






✐s t❤❡ ✐♥t❡r♣♦❧❛t❡ ♦❢W 1,p0 (Q) ❛♥❞ L
p(Q) ❛♥❞ ❤❡♥❝❡ t❤❡ ❡①t❡♥s✐♦♥ ❜② 0 t♦W s,p0 (Q) →֒ W
s,p(Q)
✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❡❧❧ ❞❡✜♥❡❞ ✭s❡❡ ❬✶✱ ❱■■✳✼✳✶✼❪✮✳ ■♥t❡r❡st✐♥❣❧②✱ ✭✶✻✮ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛❧s♦ ✐♥
❝❛s❡ sp ≤ 1 ❜✉t ♦♥ t❤❡ ✇❤♦❧❡ W s,p(Q) →֒ W s,p(Rd)✳ ❍❡✉r✐st✐❝❛❧❧②✱ t❤✐s st❡♠s ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t sp ≤ 1 ✐♠♣❧✐❡s t❤❛t ❢✉♥❝t✐♦♥s ♠✐❣❤t ❤❛✈❡ ❥✉♠♣s ❛❝r♦ss ▲✐♣s❝❤✐t③ ♠❛♥✐❢♦❧❞s✳ ❚❤✉s✱ ✇❡
♠❛② ❢♦r♠❛❧❧② ✐❞❡♥t✐❢② W s,p0 (Q) = W
s,p(Q) ❢♦r sp ≤ 1✳
❆ ❢✉rt❤❡r s♣❛❝❡ ✇❡ ✇✐❧❧ ✉s❡ ✐s
W s,p(0) (Q) :=
{






❖♥ Rd ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ ❜✉t ✐t ❤♦❧❞s t❤❛tW s,p(Rd) →֒ Lq(Rd) ❝♦♥t✐♥✉♦✉s❧②
❢♦r ❡✈❡r② q ∈ [p, p⋆]✱ ✇❤❡r❡ p⋆ = dp/(d − sp) ❢♦r sp < d✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡t C∞c (R
d) ✐s
❞❡♥s❡ ✐♥ W s,p(Rd)✳ ❲❡ ✜♥❛❧❧② ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧t✳
▲❡♠♠❛ ✶✹✳ ▲❡t η ∈ C∞c (B1(0)) ✇✐t❤ η ≥ 0 ❛♥❞
´
η = 1 ❛♥❞ ❢♦r k ∈ N ❞❡♥♦t❡ ηk(x) :=
η(kx)✳ ❉❡♥♦t✐♥❣ f ∗ ηk t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ηk ✇❡ ✜♥❞ ❢♦r ❡✈❡r②
u ∈ W s,p(Rd) t❤❛t
‖u ∗ ηk‖s,p ≤ ‖u‖s,p ❛♥❞ lim
k→∞
‖u ∗ ηk − u‖s,p = 0 .
❲❡ s❤✐❢t t❤❡ ♣r♦♦❢ t♦ t❤❡ ❛♣♣❡♥❞✐①✱ ❛s ✐t ✐s st❛♥❞❛r❞✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛ ❞✐s❝r❡t❡ ♥♦t✐♦♥ ♦❢ ❙♦❜♦❧❡✈✕❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s ❛♥❞ ❣❡♥❡r❛❧✲
✐③❛t✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ ❡♠❜❡❞❞✐♥❣ r❡s✉❧ts t♦ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ♥♦r♠❡❞ s✉❜s♣❛❝❡s ♦❢ Hε✳ ❋✐rst✱ ❧❡t Q














❛♥❞ ❧❡t W s,p(Zdε) ❜❡ t❤❡ ❝❧♦s✉r❡ ♦❢ C
∞
c (R
































❋♦r s♦♠❡ ♦❢ t❤❡ ♣r♦♦❢s ❜❡❧♦✇✱ ✇❡ ♥❡❡❞ ❛ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♣r♦♣❡rt②
✭✶✺✮ ✇❤✐❝❤ ❤♦❧❞s ✉♥✐❢♦r♠❧② ✐♥ ε✳ ❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✇❡ ❢♦r♠✉❧❛t❡ t❤✐s ❝♦♥❞✐t✐♦♥
✐♥ ❛ ❞❡✜♥✐t✐♦♥✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✶✷
❉❡✜♥✐t✐♦♥ ✶✺✳ ❆ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Q ⊂ Rd ✐s ❝❛❧❧❡❞ ❛ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥ ✐❢ t❤❡r❡ ❡①✲
✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦r Eε : W
s,p(Qε) →֒
W s,p(Zdε) ✇✐t❤ ‖Eε‖ ≤ C✳
❘❡♠❛r❦ ✶✻✳ ❲❡ ♠❛② ❛ss✉♠❡ ❢♦r ❛ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥ Q t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉rt❤❡r
❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Q˜ ⊃ Q ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❡①t❡♥s✐♦♥s ❤❛✈❡ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Q˜✳ ❲❡ ♣r♦✈❡
t❤✐s ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳
❲❡ ✇✐❧❧ ♥♦t ❣♦ ✐♥t♦ ❞❡t❛✐❧s ♦♥ t❤✐s ♣♦✐♥t ❜✉t ♥♦t❡ t❤❛t ❜❡✐♥❣ ❛ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥
✐s ✐♠♠❡❞✐❛t❡ ❢♦r r❡❝t❛♥❣✉❧❛r ❜♦①❡s Q =
∏d
i=1(ai, bi)✱ ✇❤❡r❡ −∞ < ai < bi < +∞ ❢♦r ❡✈❡r②
i = 1, . . . d✳ ❚❤✐s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② r❡✢❡❝t✐♦♥ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❚❤❡♦r❡♠ ✷✵
s✉❣❣❡sts t❤❛t ❡✈❡r② C0,1 ❞♦♠❛✐♥ s❤♦✉❧❞ ❜❡ ❛ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♦❢
♦❢ s✉❝❤ ❛ st❛t❡♠❡♥t ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❢♦✉r ♠♦st ✐♠♣♦rt❛♥t r❡s✉❧ts ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳ ❚❤❡
♣r♦♦❢s ❛r❡ t❡❝❤♥✐❝❛❧ ❛♥❞ ❡✐t❤❡r st❛♥❞❛r❞ ✭ ❛♥❞ ❤❡♥❝❡ s❤✐❢t❡❞ t♦ t❤❡ ❛♣♣❡♥❞✐① ✮ ♦r ✇✐❧❧ ❜❡
♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❜❡❧♦✇✳
❚❤❡♦r❡♠ ✶✼ ✭❉✐s❝r❡t❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ♦♥ Zdε✮✳ ▲❡t s ∈ (0, 1) ❛♥❞ p ∈ [1,∞) ❜❡ s✉❝❤ t❤❛t
sp < d ❛♥❞ ❧❡t p⋆ := dp/(d− sp)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ∈ [p, p⋆]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cp,q > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ d✱ p✱ q ❛♥❞ s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ❡✈❡r② u ∈ W s,p(Zdε) ✐t ❤♦❧❞s
‖u‖Lq(Zdε) ≤ Cp,q ‖u‖s,p,ε . ✭✶✽✮
❚❤❡ ❡①♣♦♥❡♥t p⋆ ✐s ❝❛❧❧❡❞ t❤❡ ❢r❛❝t✐♦♥❛❧ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✳ ❆s ❛ ❝♦r♦❧❧❛r②✱ t❤❡ ❧❛st r❡s✉❧t
❡①t❡♥❞s t♦ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳
❚❤❡♦r❡♠ ✶✽✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥ ❛♥❞ ❧❡t s ∈ (0, 1) ❛♥❞
p ∈ [1,∞) ❜❡ s✉❝❤ t❤❛t sp < d ❛♥❞ ❧❡t p⋆ := dp/(d − sp)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ∈ [p, p⋆]✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t Cp,q > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ d✱ p✱ q✱ s ❛♥❞ Q s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0 ❛♥❞
❡✈❡r② u ∈ W s,p(Qε) ✐t ❤♦❧❞s
‖u‖Lq(Q∩Zdε) ≤ Cp,q ‖u‖s,p,ε,Q .
❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ♦♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳
❚❤❡♦r❡♠ ✶✾✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥ ❛♥❞ ❧❡t s ∈ (0, 1) ❛♥❞
p ∈ [1,∞)✳ ▲❡t p⋆ := dp/(d − sp) ✐❢ sp < d✱ ❛♥❞ p⋆ = ∞ ❡❧s❡✳ ❋♦r ❡✈❡r② ε > 0 ❧❡t
uε ∈ W
1,p(Qε) s✉❝❤ t❤❛t supε>0 ‖uε‖s,p,ε,Q < ∞✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ∈ [p, p
⋆) t❤❡ ❢❛♠✐❧②
(R∗εuε)ε>0 ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L
q(Qε)✳
❚❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✼ ❛♥❞ ✶✾ ❛r❡ ✈❡r② t❡❝❤♥✐❝❛❧ ❛♥❞ ♠♦st❧② ❢♦❧❧♦✇ t❤❡ ♦✉t❧✐♥❡ ♦❢
♣r♦♦❢s ❢r♦♠ ❬✽❪✳ ❍❡♥❝❡✱ ❢♦r ❜❡tt❡r r❡❛❞❛❜✐❧✐t② ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ s❤✐❢t t❤❡♠ t♦ t❤❡ ❛♣♣❡♥❞✐①✳
❋✐♥❛❧❧②✱ ✇❡ t✉r♥ t♦ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t✐❡s ♦♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ♦r ③❡r♦ ♠❡❛♥ ✈❛❧✉❡✳ ❲❡ ❤❡♥❝❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡s
W s,p0 (Q











❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✶✸
❚❤❡♦r❡♠ ✷✵✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ C0,1 ❜♦✉♥❞❛r②✱ ❧❡t p ∈ (1,∞)✱ s ∈ (0, 1)✳
■❞❡♥t✐❢②✐♥❣ ❡✈❡r② ❢✉♥❝t✐♦♥ u ∈ W s,p0 (Q
ε) ✇✐t❤ ✐ts ❡①t❡♥s✐♦♥ ❜② 0 ♦✉ts✐❞❡ Qε✱ t❤❡r❡ ❡①✐sts C > 0
✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ε s✉❝❤ t❤❛t
∀u ∈ W s,p0 (Q
ε) : [u]s,p,ε ≤ C [u]s,p,ε,Q . ✭✶✾✮
❋♦r ❡✈❡r② q ∈ [p, p⋆]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cp,q > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ d✱ p✱ q✱ s ❛♥❞ Q
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0 ✐t ❤♦❧❞s
∀u ∈ W s,p0 (Q
ε) : ‖u‖Lq(Q∩Zdε) ≤ Cp,q [u]
p
s,p,ε,Q ✭✷✵✮
❋✐♥❛❧❧②✱ ❧❡t p⋆ := dp/(d − sp) ✐❢ sp < d✱ ❛♥❞ p⋆ = ∞ ❡❧s❡✳ ❋♦r ❡✈❡r② ε > 0 ❧❡t uε ∈
W 1,p(Qε) s✉❝❤ t❤❛t supε>0 ⌊uε⌋s,p,ε,Q < ∞✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ∈ [p, p
⋆) t❤❡ ❢❛♠✐❧② (R∗εuε)ε>0
✐s ♣r❡❝♦♠♣❛❝t ✐♥ Lq(Qε)✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r r❡s✉❧t ✐♥ ❝❛s❡ W s,p0 (Q
ε) ✐s r❡♣❧❛❝❡❞ ❜② W s,p(0) (Q
ε)✳
❚❤❡♦r❡♠ ✷✶✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥ ✇✐t❤ C0,1 ❜♦✉♥❞❛r②✱ ❧❡t
p ∈ (1,∞)✱ s ∈ (0, 1)✳ ❋♦r ❡✈❡r② q ∈ [p, p⋆]✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cp,q > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧②
♦♥ d✱ p✱ q✱ s ❛♥❞ Q s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0 ✐t ❤♦❧❞s
∀u ∈ W s,p(0) (Q
ε) : ‖u‖Lq(Q∩Zdε) ≤ Cp,q [u]
p
s,p,ε,Q ✭✷✶✮
❋✐♥❛❧❧②✱ ❧❡t p⋆ := dp/(d − sp) ✐❢ sp < d✱ ❛♥❞ p⋆ = ∞ ❡❧s❡✳ ❋♦r ❡✈❡r② ε > 0 ❧❡t uε ∈
W 1,p(Qε) s✉❝❤ t❤❛t supε>0 ⌊uε⌋s,p,ε,Q < ∞✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q ∈ [p, p
⋆) t❤❡ ❢❛♠✐❧② (R∗εuε)ε>0
✐s ♣r❡❝♦♠♣❛❝t ✐♥ Lq(Qε)✳
❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✵ ❛♥❞ ✷✶ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✳ ■t ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥
t❤❡ ❢❛❝t t❤❛t W s,p(Zdε) ❡♠❜❡❞s ✐♥t♦ W
s,p(Rd) ✈✐❛ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✳
✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✵ ❛♥❞ ✷✶
❲❡ ✜rst st✉❞② ❛♥ ✐♥t❡r❡st✐♥❣ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ W s,p(Rd) ❛♥❞ W s,p(Zdε)✳ ▲❡t
P : [0, 1]× {0, 1} → R , (x, κ) 7→
{
x ✐❢ κ = 1
1− x ✐❢ κ = 0
,
✇❡ ❞❡✜♥❡ ❢♦r x = (xj)j=1...d ❛♥❞ κ = (κj)j=1...d ∈ {0, 1}




















t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ϕ✳ ❖✉r ✜rst ❝♦r♦❧❧❛r② ♦♥ t❤❡ ♦♣❡r❛t♦r Qε ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
❈♦r♦❧❧❛r② ✷✷✳ ▲❡t p ∈ [1,∞)✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ❢♦r ❡✈❡r② ϕ ∈ Hε
C−1 ‖ϕ‖Lp(Zdε) ≤ ‖Qεϕ‖Lp(Zdε) ≤ C ‖ϕ‖Lp(Zdε) . ✭✷✷✮
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✶✹
❚❤✐s ❝♦r♦❧❧❛r② ✐s str❛✐❣❤t ❢♦r✇❛r❞ t♦ ♣r♦✈❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Qε✳ ▼♦r❡♦✈❡r✱ ✇❡ ♦❜t❛✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❛t✉r❛❧ ♣r♦♣❡rt②✳
▲❡♠♠❛ ✷✸✳ ▲❡t p ∈ [1,∞) ❛♥❞ s ∈ (0, 1)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε > 0
∀ϕ ∈ Hε : [Qεϕ]
p
s,p ≤ C [ϕ]
p
s,p,ε ✭✷✸✮
Pr♦♦❢✳ ❋♦r κ ∈ {0, 1}d ✇❡ ✇r✐t❡ κi,0 ❛♥❞ κi,1 ❢♦r t❤❡ ✈❡❝t♦rs ✇❤❡r❡ t❤❡ i✲t❤ ❡♥tr② ♦❢ κ ✐s
r❡♣❧❛❝❡❞ ❜② 0 ❛♥❞ 1 r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ ♥♦t❛t✐♦♥✱ ✇❡ ✇r✐t❡


































❋♦r ❡✈❡r② x ∈ Rd ❧❡t ⌊x⌋ε ∈ Z
d
ε ❜❡ t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t s✉❝❤ t❤❛t x ∈ Cε(x) := ⌊x⌋ε + [0, ε)
d✳
















ε]d ❛♥❞ B∁ε(x) := R















































✇❤❡r❡ C ❝❤❛♥❣❡s ✐♥ ❡❛❝❤ ❧✐♥❡ ❜✉t ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ε ❛♥❞ ϕ✳ ❋✉rt❤❡r♠♦r❡✱ ❡st✐♠❛t✐♥❣
|ϕ˜(x)−ϕ˜(y)|p
|x−y|d+sp
♦✈❡r ❡❛❝❤ ❝❡❧❧ Cε(y) ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② ✭s❡❡ ❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✵ ✐♥ t❤❡














❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✶✺

















❙✐♥❝❡ C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε ♦r ϕ✱ t❤✐s ✜♥❛❧❧② ②✐❡❧❞s ✭✷✸✮✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✵✳ ▲❡t u ∈ W s,p0 (Q
ε)✳ ❉✉❡ t♦ ✭✷✷✮ ❛♥❞ ✭✷✸✮ ✇❡ ❦♥♦✇ t❤❛tQεu ∈ W
s,p
0 (Q)✳
❲❡ ❝❛♥ ♥♦✇ ❡①t❡♥❞ vε := Qεu t♦ R
d ❜② 0 ❛♥❞ ♦❜t❛✐♥ vε ∈ W s,p(Rd) ✇✐t❤ ‖vε‖s,p ≤ C ‖v
ε‖s,p,Q✱
✇❤❡r❡ C > 0 ❞❡♣❡♥❞s ♦♥ s✱ p ❛♥❞ Q✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❘❡♠❛r❦ ✶✸✳
❲❡ ♥♦✇ s❤♦✇ ‖u‖s,p,ε ≤ C ‖v
ε‖s,p✳ ❙✐♥❝❡ ‖v
ε‖s,p ≤ C ‖u‖s,p,ε,Q ❜② ▲❡♠♠❛ ✷✸✱ t❤✐s ✐♥ t✉r♥
✐♠♣❧✐❡s t❤❡ ❚❤❡♦r❡♠ ❜② ✈✐rt✉❡ ♦❢ ❚❤❡♦r❡♠s ✶✼ ❛♥❞ ✶✾✳









< C ‖vε‖s,p . ✭✷✻✮
❚♦ t❤✐s r❡❛s♦♥✱ ❧❡t x ∈ Zdε\Q ❛♥❞ y ∈ Q
ε\∂Qε✳ ❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ∂Qε ✐♥ ✭✼✮ ✐t ❤♦❧❞s














✳ ■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥
|x˜ − y˜| ✐♥ t❡r♠s ♦❢ |x − y| ❛ss✉♠❡ t❤❛t x ∈ y + [−2ε, 2ε]✳ ■t t❤❡♥ ❤♦❧❞s ε ≤ |x˜− y˜| ≤ 3d
1
d ε✳
❍❡♥❝❡ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t 3d
1
d |x− y| ≥ |x˜− y˜|✳ ■♥ ❝❛s❡ x 6∈ y+[−2ε, 2ε] t❤❡ r❛t✐♦ ❜❡t✇❡❡♥



































❙✉♠♠✐♥❣ ✉♣ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ♦✈❡r x ❛♥❞ y ②✐❡❧❞s ✭✷✻✮✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✶✳ ▲❡t ✉s ✜rst ✈❡r✐❢② t❤❛t ✭✷✶✮ ❤♦❧❞s✳ ❆ss✉♠❡ t❤❛t ✭✷✶✮ ✇❛s ✇r♦♥❣✳ ❲✐t❤✲
♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠✐❣❤t ❛ss✉♠❡ t❤❛t q > p✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✉s❡ ‖uεk‖Lq(Qεk ) ≤
C ‖uεk‖Lp(Qεk )✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (εk)k∈N✱ εk > 0✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s
uεk ∈ Hεk,(0)(Q) s✉❝❤ t❤❛t




❛♥❞ ✇❡ ✜♥❞ R∗εkuεk → u str♦♥❣❧② ✐♥ L
q(Q) ❜② ❚❤❡♦r❡♠ ✶✾✳ ❇✉t t❤❡♥ u = 0 s✐♥❝❡ R∗εkuεk ⇀ 0
✇❡❛❦❧② ✐♥ Lq(Q)✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ ❝♦♠♣❛❝t♥❡ss ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✾✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✶✻
✸✳✸ ❉②♥❛♠✐❝❛❧ s②st❡♠s
❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❡tt✐♥❣ ♦❢ P❛♣❛♥✐❝♦❧❛♦✉ ❛♥❞ ❱❛r❛❞❤❛♥ ❬✶✼❪ ❛♥❞ ♠❛❦❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳
❆ss✉♠♣t✐♦♥ ✷✹✳ ▲❡t D ∈ N ❛♥❞ ❧❡t (Ω,F ,P) ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇✐t❤ ❛ ❣✐✈❡♥ ❢❛♠✐❧②
(τx)x∈ZD ♦❢ ♠❡❛s✉r❛❜❧❡ ❜✐❥❡❝t✐✈❡ ♠❛♣♣✐♥❣s τx : Ω 7→ Ω✱ ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❞②♥❛♠✐❝❛❧
s②st❡♠ ♦♥ (Ω,F ,P)✱ ✐✳❡✳ t❤❡② s❛t✐s❢② ✭✐✮✲✭✐✐✐✮✿
✭✐✮ τx ◦ τy = τx+y ✱ τ0 = id ✭●r♦✉♣ ♣r♦♣❡rt②✮
✭✐✐✮ P(τ−xB) = P(B) ∀x ∈ Z
D, B ∈ F ✭▼❡❛s✉r❡ ♣r❡s❡r✈✐♥❣✮
✭✐✐✐✮ A : Zd × Ω→ Ω (x, ω) 7→ τxω ✐s ♠❡❛s✉r❛❜❧❡ ✭▼❡❛s✉r❛❜✐❧✐t② ♦❢ ❡✈❛❧✉❛t✐♦♥✮
▲❡t t❤❡ s②st❡♠ (τx)x∈ZD ❜❡ ❡r❣♦❞✐❝ ✐✳❡✳ ❢♦r ❡✈❡r② F ✲♠❡❛s✉r❛❜❧❡ s❡t B ⊂ Ω ❤♦❧❞s[
P ((τx(B) ∪ B)\(τx(B) ∩B)) = 0 ∀x ∈ Z
d
]
⇒ [P(B) ∈ {0, 1}] . ✭✷✼✮
❚❤❡♦r❡♠ ✷✺ ✭❊r❣♦❞✐❝ ❚❤❡♦r❡♠ ❬✼❪ ❚❤❡♦r❡♠ ✶✵✳✷✳■■ ❛♥❞ ❛❧s♦ ❬✷✵❪✮✳ ▲❡t (An)n∈N ❜❡ ❛ ❢❛♠✐❧②
♦❢ ❝♦♥✈❡① s❡ts ✐♥ ZD s✉❝❤ t❤❛t An+1 ⊂ An ❛♥❞ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ rn ✇✐t❤
rn →∞ ❛s n→∞ s✉❝❤ t❤❛t Brn(0) ∩ Z
D ⊆ An✳ ■❢ (ωx)x∈ZD ✐s ❛ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ r❛♥❞♦♠





ωx → E(ω) . ✭✷✽✮
❚❤❡ ❧❛st t❤❡♦r❡♠ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡ ❢♦r ♦✉r ✇♦r❦✿
▲❡♠♠❛ ✷✻✳ ▲❡t (An)n∈N ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❝♦♥✈❡① s❡ts ✐♥ R
D s✉❝❤ t❤❛t An+1 ⊂ An ❛♥❞ s✉❝❤
t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ rn ✇✐t❤ rn → ∞ ❛s n → ∞ s✉❝❤ t❤❛t Brn(0) ⊆ An✳ ■❢ (cx)x∈ZD

















✇❡ ♦❜s❡r✈❡ t❤❛t ❚❤❡♦r❡♠ ✭✷✺✮ ✐♠♣❧✐❡s
∀ε > 0 : cn,ε → E(c˜) ❛s n→∞ , ❛♥❞ ∀n : cn,ε → E(c) ❛s ε→ 0 . ✭✸✵✮
❆ss✉♠❡ t❤❛t ✭✷✾✮ ✇❛s ✇r♦♥❣✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (nk, εk)n∈N s✉❝❤ t❤❛t cnk,εk →∞
❛s k →∞✳ ■❢ ✇❡ ❛ss✉♠❡ nk ✇❛s ❜♦✉♥❞❡❞ ❜② N ✱ t❤❡♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✸✵✮ ✐♠♣❧✐❡s ❡①✐st❡♥❝❡







cn,ε < C <∞ ,
✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✭✷✾✮ ✇❛s ✇r♦♥❣✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ✇✳❧✳♦✳❣✳
❛ss✉♠❡ nk ↑ ∞✳
❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ ❛ss✉♠❡ εk ↓ 0✳ ❇✉t t❤❡♥✱ t❤❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠ ✷✽ ✐♠♣❧✐❡s
cnk,εk → E(c˜)✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ cnk,εk →∞✳ ❍❡♥❝❡ ✭✷✾✮ ❤♦❧❞s✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✶✼
❆ ❢✉rt❤❡r ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
▲❡♠♠❛ ✷✼✳ ▲❡t c ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥ Zd×Zd s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡♥ ❢♦r ❡✈❡r②













|x− y|−d+α < Cξα ,































































































❘❡♣❧❛❝✐♥❣ δ := 2kε✱ Qk := 2

































































−kαξdk ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✶✽
❲❡ ✇✐❧❧ ♥❡❡❞ t♦ t❡st t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✽✮ ✇✐t❤ ❛ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝✲
t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡❝❡ss❛r② r❡s✉❧t ❜② ❋❧❡❣❡❧✱ ❍❡✐❞❛ ❛♥❞ ❙❧♦✇✐❦ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬✹✱
❚❤❡♦r❡♠ ✸❪✳
❚❤❡♦r❡♠ ✷✽ ✭❊①t❡♥❞❡❞ ❡r❣♦❞✐❝ ❚❤❡♦r❡♠ ❬✾✱ ❚❤❡♦r❡♠ ✺✳✷❪✮✳ ▲❡t Q ⊂ ZD ❜❡ ❛ ❝♦♥✈❡① s❡t
❝♦♥t❛✐♥✐♥❣ 0 ❛♥❞ ❧❡t f ❜❡ ❛ st❛t✐♦♥❛r② r❛♥❞♦♠ ❡r❣♦❞✐❝ ✈❛r✐❛❜❧❡ ♦♥ ZD ✇✐t❤ ✜♥✐t❡ ❡①♣❡❝t❛t✐♦♥✳
❋✉rt❤❡r♠♦r❡✱ ❧❡t uε : Z
D
ε → R ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t R
∗
εuε → u ♣♦✐♥t✇✐s❡ ❛✳❡✳










u(x)dx ❛s ε→ 0 .
❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠s ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦♥
♦✉r ❝♦❡✣❝✐❡♥ts ω ❛♥❞ c✳






















































































✇❤❡r❡ |Sd−1| ✐s t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t ❜❛❧❧ ✐♥ Rd✳ ❙✐♥❝❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②




✸✳✹ ❲❡✐❣❤t❡❞ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈✕❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s
❚❤✐s s❡❝t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ✭❝♦♠♣❛❝t✮ ❡♠❜❡❞❞✐♥❣ ♦❢ ❞✐s❝r❡t❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈✕
❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s ✐♥t♦ t❤❡ ❞✐s❝r❡t❡ ❙♦❜♦❧❡✈✕❙❧♦❜♦❞❡❝❦✐❥ s♣❛❝❡s ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✶✳ ▼♦r❡



























❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✶✾
❢♦r s✉✐t❛❜❧❡ r > 1 ❛♥❞ s′ ∈ (0, s)✱ ✇❤❡r❡ C s❤♦✉❧❞ ❞❡♣❡♥❞ ♦♥ s✱ s′✱ p ❛♥❞ r ❜✉t ♥♦t ♦♥ ε✳
▲❡t ✉s ✜rst ❡st❛❜❧✐s❤ s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ cx,y✱ s ∈ (0, 1) ❛♥❞ p ∈ (1,∞]✱ ✉♥❞❡r ✇❤✐❝❤ ✇❡ ❝❛♥
❡①♣❡❝t ❡①✐st❡♥❝❡ ♦❢ s✉✐t❛❜❧❡ r ❛♥❞ s′✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣













































































■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✭✸✶✮✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❛t t❤❡ s❡❝♦♥❞ ❢❛❝t♦r ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡
♦❢ ✭✸✷✮ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ ε > 0✳ ❲❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳
■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❛ss✉♠❡ t❤❛t 1− rp
d(p−r)















(s−s′)) st❛②s ❜♦✉♥❞❡❞ s✐♥❝❡ Qε ✐s ❜♦✉♥❞❡❞✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✸✷✮ ❡①✐sts ✕ ♣r♦✈✐❞❡❞ t❤❛t E(c−
r
p−r ) <∞✳
■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❛ss✉♠❡ t❤❛t 1− rp
d(p−r)
(s−s′) > 0✳ ❍❡r❡✱ ✇❡ ❝❤♦♦s❡ ❛ s✉✐t❛❜❧❡ q ❛♥❞




























✇❤❡r❡ q˜ := qp−r
r















❍❡♥❝❡✱ ✇❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✳





✱ t❤❡♥ ❢♦r ❛❧❧ r > 1 s✉❝❤ t❤❛t q > r
p−r
t❤❡r❡ ❡①✐sts s′ ∈ (0, s) s✉❝❤ t❤❛t ✭✸✶✮ ❤♦❧❞s
✉♥✐❢♦r♠❧② ✐♥ ε > 0✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✷✵




✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts s′ ∈ (0, s) s✉❝❤ t❤❛t ✭✸✸✮
✐s ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✷✮ st❛②s ❜♦✉♥❞❡❞ ✐❢ E(c−
r
p−r ) < ∞✳ ❚❤✐s✱
❤♦✇❡✈❡r✱ ✐s ❝❧❡❛r❧② t❤❡ ❝❛s❡ ❞✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ s✐♥❝❡ q > r
p−r
✳




✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ❡①✐sts s′ ∈ (0, s) s✉❝❤ t❤❛t 1 −
rp
d(p−r)
(s − s′) > 0 ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝❧❛✐♠ ♦❢ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❜② t❤❡ s❡❝♦♥❞ ❝❛s❡ t❤❛t ✇❡
❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡✳
❈♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ✶✽✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛
✸✵✳










❡①✐sts C > 0✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✱ s✉❝❤ t❤❛t
















▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② s❡q✉❡♥❝❡ uε ∈ W
s,p(Qε, c) s✉❝❤ t❤❛t supε>0 ‖uε‖s,p,ε,Q,c <∞✱ t❤❡ s❡q✉❡♥❝❡
R∗εuε ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L
r⋆(Q)✳
❋✐♥❛❧❧②✱ ✐❢ Q ✐s ❛ ❜♦✉♥❞❡❞ C0,1✲❞♦♠❛✐♥ ❛♥❞ uε ∈ W
s,p
0 (Q
ε, c) s✉❝❤ t❤❛t supε>0 ‖uε‖s,p,ε,Q,c <
∞✱ t❤❡ s❡q✉❡♥❝❡ R∗εuε ✐s ♣r❡❝♦♠♣❛❝t ✐♥ L
r⋆(Q)✳
Pr♦♦❢✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✶✽ ❛♥❞ ▲❡♠♠❛ ✸✵ ✐♠♣❧② t❤❛t ❢♦r ❡✈❡r② r > 1 s✉❝❤ t❤❛t q > r
p−r
❛♥❞ s′ ∈ (0, s) s✉❝❤ t❤❛t q > d
p(s−s′)
❛♥❞ r⋆ := dr/(d − s′r) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0✱





























❛♥❞ t❤❡ ❝❧❛✐♠❡❞ ❝♦♠♣❛❝t♥❡ss ❤♦❧❞s✳ ■t ♦♥❧② r❡♠❛✐♥s t♦ ✈❡r✐❢② t❤❛t r⋆ ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡ ✉♣















❛♥❞ t❤❛t ✇❡ ❝❛♥ ❝❤♦s❡ s′ ❛♥❞ r ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ t❤❡✐r ✉♣♣❡r ❜♦✉♥❞s✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥













❛♥❞ r⋆ ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡ ❜❡t✇❡❡♥ 1 ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❆ s❤♦rt ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t
t❤✐s ✐s t❤❡ ❝❧❛✐♠✳
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✷✶
✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹ t♦ ✼
✹✳✶ ❆✉①✐❧✐❛r② ▲❡♠♠❛s
❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ ▲❡♠♠❛✳
▲❡♠♠❛ ✸✷✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❧❡t v : R → R ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞
❝♦♥✈❡①✳ ▲❡t uε : Z
d
ε → R ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ s✉♣♣♦rt ✐♥ Q











❚❤❡ ♣r♦♦❢ ✐s st❛♥❞❛r❞✳ ❍♦✇❡✈❡r✱ ✇❡ r❡❝❛❧❧ ✐t ❤❡r❡ ❛s ❛ ♣r❡♣❛r❛t✐♦♥ ❢♦r t❤❡ ♠♦r❡ ✐♥✈♦❧✈❡❞
♣r♦♦❢s t❤❛t ✇✐❧❧ ❢♦❧❧♦✇✳
Pr♦♦❢✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡





v(uε) < +∞ .
❋♦r M ∈ N ✇❡ ❞❡♥♦t❡ uMε := max {−M,min {uε,M}}✱ t❤❡ ❢✉♥❝t✐♦♥ uε ❝✉t t♦ ✈❛❧✉❡s ✐♥ t❤❡
✐♥t❡r✈❛❧ [−M,M ]✳ ❲❡ t❤❡♥ ♥♦t❡ t❤❛t R∗εu
M
ε → u
M ♣♦✐♥t✇✐s❡ ❛✳❡✳✳ ❯s✐♥❣ t❤✐s ✐♥s✐❣❤t ❛♥❞
❝♦♥t✐♥✉✐t② ✱ ✇❡ ♦❜t❛✐♥
E∞ ≥ lim inf
ε→0





❋r♦♠ ❝♦♥t✐♥✉✐t② ♦❢ v ❛♥❞ t❤❡ ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ✐♥❢❡r IM,ε →´
Q









❛♥❞ ❤❡♥❝❡ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳
❆ r❡❧❛t❡❞ ❧❡♠♠❛ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
▲❡♠♠❛ ✸✸✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❧❡t v : R→ R ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥✈❡①
s✉❝❤ t❤❛t ❢♦r s♦♠❡ α > 0 ❛♥❞ r′ > 1 ✇❡ ❤❛✈❡ v(ξ) ≤ α|ξ|r
′
✳ ▲❡t uε : Z
d
ε → R ❛ s❡q✉❡♥❝❡ ♦❢
❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ s✉♣♣♦rt ✐♥ Qε s✉❝❤ t❤❛t ❢♦r s♦♠❡ r ≥ r′ ✐t ❤♦❧❞s supε>0 ‖uε‖Lr(Qε) <∞ ❛♥❞




















Lr(Qε) < +∞ .
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✷✷
▲❡t δ > 0✳ ❇② ❊❣♦r♦✈✬s t❤❡♦r❡♠ t❤❡r❡ ❡①✐sts Qδ ⊂ Q ✇✐t❤ Q
∁
δ = Q\Qδ✱ |Qδ| < δ ❛♥❞ s✉❝❤
t❤❛t R∗εuε → u ✉♥✐❢♦r♠❧② ♦♥ Q
∁
























❛♥❞ ❤❡♥❝❡ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ❛s δ ❜❡❝♦♠❡s ❛r❜✐tr❛r② s♠❛❧❧✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t r❡s✉❧t ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳













Pr♦♦❢✳ ❲❡ ♥♦t❡ t❤❛t ηk(x − z)dz ✐♥❞✉❝❡s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R
d ❢♦r ❡✈❡r② k ∈ N ❛♥❞
❡✈❡r② x ∈ Rd✳ ❍❡♥❝❡ ✇❡ ✐♥❢❡r ✐♥ ❛ ✜rst st❡♣ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②
ˆ
Rd


















G (u(z)) dz .
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❋❛t♦✉✬s ▲❡♠♠❛ ②✐❡❧❞sˆ
Rd




G ((u ∗ ηk) (z)) dz .
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ♥❡✇ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✳ ■t ✐s t❤❡ ❜❛s✐s ❢♦r t❤❡ ♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥
r❡s✉❧ts✳
▲❡♠♠❛ ✸✺✳ ▲❡t Q ⊂ Rd ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❧❡t c✱ s✱ p✱ q ❛♥❞ V : R → R s❛t✐s❢②
❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✸✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t uε : Z
d
ε → R ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ s✉♣♣♦rt
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=: CL <∞ , ✭✸✼✮
❛♥❞ u ∈ C1c (R




































Pr♦♦❢✳ ❲❡ ♦♥❧② ♣r♦✈❡ ✭✸✹✮ ❛♥❞ ✭✸✽✮ ❛♥❞ s❤♦rt❧② ❞✐s❝✉ss ❤♦✇ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s t♦
✭✸✺✮ ❛♥❞ ✭✸✾✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ lim inf ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢










❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤❡ t❤r❡❡ s✉♠s ♦✈❡r (x, y) ∈ Zdε × Z
d
ε s✉❝❤ t❤❛t ❡✐t❤❡r {|x− y| < ξ}✱
{ξ ≤ |x− y| < R} ♦r {|x− y| ≥ R}✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉♠s ❜② Iεξ ✱ I
ε
ξ,R ❛♥❞









































→ O(ξp−ps) , ✭✹✷✮
✇❤❡r❡ ✇❡ s❤♦✇ ✭✹✷✮ ♦♥❧② ✐♥ ❝❛s❡ ✭✸✻✮ ❤♦❧❞s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✇✐❧❧ t❤❡r❡❜②
❛ss✉♠❡ t❤❛t R > 2diam(Q)✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♣r♦✈❡ ✭✹✵✮✲✭✹✷✮ ✐♥ ✸ st❡♣s✳ ❚❤✐s ♣r♦✈✐❞❡s
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■♥❡q✉❛❧✐t② ✭✸✹✮ ❝❛♥ ❜❡ ♣r♦✈❡❞ ♦♥ ♥♦t✐♥❣ t❤❛t


















❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❇❡♣♣♦ ▲❡✈✐ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛s ξ → 0 ❛♥❞ R→∞✳
❲❡ ♥♦t❡ t❤❛t ✭✸✺✮ ❛♥❞ ✭✸✾✮ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉s✐♥❣ s♦♠❡ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡♣❧❛❝❡ V (uε(x)− uε(y)) ❜②





























V (x, y, uε(x)− uε(y))
|x− y|d+ps
→ O(ξp−ps) ,
✇❤❡r❡ B = B(0) ✐s ❛♥ ♦♣❡♥ ❜❛❧❧ ❛r♦✉♥❞ 0 t❤❛t ❝♦♥t❛✐♥s Q ❛♥❞ Bε := B ∩ Zdε✳
❙t❡♣ ✶✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ gε(x, y) :=
V (uε(x)−uε(y))
max{|x−y|d+2s, ξd+2s}
t♦ t❤❡ s❡t |x− y| < R✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ R > 2diam(Q)✱ ✐t ❤♦❧❞s V (uε(x)− uε(y)) = 0 ✐❢
|x| ≥ 2R ♦r |y| ≥ 2R✳ ❍❡♥❝❡✱ t❤❡ s✉♣♣♦rt ♦❢ gε ✐s ❛ ❝♦♠♣❛❝t ❝♦♥✈❡① s✉❜s❡t ♦❢ |x− y| < R











✇❤❡r❡ g(x, y) := V (u(x)−u(y))
max{|x−y|d+2s, ξd+2s}
✳ ❙✐♥❝❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❤♦❧❞ ♦♥ t❤❡ s❡t |x− y| < ξ✱
t❤❡ ❧✐♠✐t ✭✹✵✮ ❤♦❧❞s✳
❙t❡♣ ✷✿ ❉✉❡ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ R✱ ✇❡ ✜♥❞ |x− y| > R ✐♠♣❧✐❡s t❤❛t ❛t ♠♦st ♦♥❡ ♦❢
t❤❡ ♣♦✐♥ts x, y ❧✐❡s ✐♥ Q✳ ❙✐♥❝❡ u ✈❛♥✐s❤❡s ♦✉ts✐❞❡ Q✱ ✇❡ ♦❜t❛✐♥ ❜② ❛ s②♠♠❡tr✐③❛t✐♦♥
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✷✺












✇❤✐❝❤ ✐s ❛♥ ❡r❣♦❞✐❝ ✈❛r✐❛❜❧❡ ✇✐t❤
E(c˜) = 2E(c)✳ ❲❡ ❞❡♥♦t❡ Rεk,R :=
{
z ∈ Zdε | 2
kR < |z| ≤ 2k+1R
}






























































(x, y) ∈ Rd | x ∈ (1 + k)Q , |x− y| ≤ 2k+1R
}
❛♥❞ BεQ,k,R := BQ,k,R ∩ Z
d
ε✳









✇❡ ✐♥❢❡r ❢r♦♠ ▲❡♠♠❛ ✷✻ ❛♥ ❡st✐♠❛t❡ cR :=










❙t❡♣ ✸✿ ◆♦✇ ❧❡t supε>0 supx,y∈Zdε
|uε(x)−uε(y)|
|x−y|
=: CL <∞✳ ■♥ ♦r❞❡r t♦ tr❡❛t t❤❡ r❡♠❛✐♥✐♥❣
t❡r♠ Iεξ ✱ ♥♦t❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧✐❡s ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢
t❤❡ ❢✉♥❝t✐♦♥ V˜ε(x, y) :=
V (uε(x)−uε(y))
|uε(x)−uε(y)|
p ✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ❡✐t❤❡r dist(x,Q) > ξ ♦r dist(y,Q) > ξ



























❛♥❞ ✭✹✷✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✼✳
❘❡♠❛r❦ ✸✻✳ ❍❛✈✐♥❣ ❛ ❧♦♦❦ ♦♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✺ ❛♥❞ ❛ss✉♠✐♥❣ ✭✽✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✷✻























❛♥❞ ❤❡♥❝❡ t❤❡ ❧❡❢t ❡①♣r❡ss✐♦♥ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❛✇❛② ❢r♦♠ 0✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡
✏♥❛t✉r❛❧✑ ❣✉❡ss ✭✽✮ ❢♦r ❛ ❞✐s❝r❡t❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❧❡❛❞s t♦ ❛ ❧♦❝❛❧ ♦♣❡r❛t♦r ✐♥ t❤❡ ❧✐♠✐t
ε→ 0✳
✹✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹ ❛♥❞ ✻✕✼
❲❡ ✇✐❧❧ ♦♥❧② ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳ ❚❤❡♦r❡♠s ✻✕✼ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② r❡♣❧❛❝✐♥❣
❚❤❡♦r❡♠ ✶✾ ❜② t❤❡ ❊♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠s ✷✵ ❛♥❞ ✷✶✳
Pr♦♦❢ ♦❢ P❛rt ✶✳ ❙✐♥❝❡ R∗εfε ⇀ f ✇❡❛❦❧② ✐♥ L
r∗(Q)✱ ✇❡ ✜♥❞ supε ‖fε‖Lr∗ (Qε) <∞✳ ❚❤✉s✱
✇❡ ✜♥❞ ❢r♦♠ t❤❡ s❝❛❧❡❞ ②♦✉♥❣ ✐♥❡q✉❛❧✐t② ❢♦r ❡✈❡r② δ > 0 s♦♠❡ Cδ s✉❝❤ t❤❛t∣∣∣∣∣ ∑ε
x∈Qε
fε(x)uε(x)





= 1 ❛♥❞ r = r
∗
r∗−1
✳ ❙✐♥❝❡ r < p⋆
q
















Ep,s,ε(uε) + δ ‖u‖
p



















■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜t❛✐♥ t❤❛t













❋r♦♠ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ ❚❤❡♦r❡♠s ✶✾ ❛♥❞ ✸✶ ✐t ❢♦❧❧♦✇s t❤❛t supε>0 ‖R
∗
εuε‖Lr < ∞ ❛♥❞
t❤❡ ❡①✐st❡♥❝❡ ♦❢ u ∈ Lr(Q) s✉❝❤ t❤❛t R∗εuε → u str♦♥❣❧② ✐♥ L
r(Q) ❛♥❞ ♣♦✐♥t✇✐s❡ ❛✳❡✳ ❛❧♦♥❣ ❛
s✉❜s❡q✉❡♥❝❡ ε′ → 0✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r M ∈ N ✇❡ ❞❡♥♦t❡ uMε := max {−M,min {uε,M}}✱ t❤❡
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✷✼






✐♥ Lr(Q) ❛♥❞ ♣♦✐♥t✇✐s❡ ❛✳❡✳✳ ❯s✐♥❣ t❤✐s ✐♥s✐❣❤t✱ ✇❡ ♦❜t❛✐♥ ✉s✐♥❣ ▲❡♠♠❛ ✸✺ t❤❛t
























❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❤♦❧❞ ❢♦r ❡✈❡r② M ✱ ✇❡ ❛♣♣❧② ❋❛t♦✉s ▲❡♠♠❛ ✭r❡s♣✳ t❤❡ ♠♦♥♦✲

















dx dy ≤ E∞ .

















Pr♦♦❢ ♦❢ P❛rt ✷
❲❡ ✜rst ❝♦♥s✐❞❡r u ∈ C1c (Q)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❡t uε(x) = u(x) ❢♦r x ∈ Z
d



















◆♦✇✱ ❧❡t Ep,s(u) < ∞ ✇✐t❤ u(x) = 0 ♦✉ts✐❞❡ ♦❢ Q✱ s❡t ε0 = 1✳ ❇② ❆ss✉♠♣t✐♦♥ ✸✱ ✇❡ ✜♥❞
u ∈ W s,p(Rd) ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ uk ∈ C
1
c (Q) s✉❝❤ t❤❛t uk → u ✐♥
W s,p(Rd)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ m < p⋆
q










Ep,s(uk) = Ep,s(u) .
❋r♦♠ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡r❡ ❡①✐sts εk > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ε < εk✱ |Ep,s,ε(uk)− Ep,s(uk)| <
|Ep,s(u)− E (ηk ∗ u)| ❛♥❞ ✐♥ t♦t❛❧
|Ep,s,ε(uk)− Ep,s(u)| < 2 |Ep,s(u)− E (ηk ∗ u)| .
❙❡tt✐♥❣ uε := uk ❢♦r ❛❧❧ ε ∈ [εk+1, εk)✱ ✭✾✮ ❤♦❧❞s✳
✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺
❚❤❡ ♣r♦♦❢ ♠♦st❧② ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳ ❍♦✇❡✈❡r✱ ❛s t❤❡r❡ ❛r❡ ❛ ❢❡✇ ♠♦❞✐✜❝❛t✐♦♥s
❞✉❡ t♦ t❤❡ ♥♦♥✲❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞♦♠❛✐♥✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❢✉❧❧ ♣r♦♦❢ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✷✽
Pr♦♦❢ ♦❢ P❛rt ✶✳ ❙✐♥❝❡ f ∈ Cc(R
d)✱ ✇❡ ❝❤♦s❡ s♦♠❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Q s✉❝❤ t❤❛t f ❤❛s ✐ts














■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜t❛✐♥ t❤❛t













◆♦✇✱ ❧❡t m ∈ N ❛♥❞ ❝♦♥s✐❞❡r Bm :=
{
x ∈ Rd : |x| < m
}
✳ ❋r♦♠ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞
❚❤❡♦r❡♠ ✸✶ ✐t ❢♦❧❧♦✇s t❤❛t supε>0 ‖R
∗
εuε‖Lr(Bm) <∞ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ um ∈ L
r(Bm) ❛♥❞
❛ s✉❜s❡q✉❡♥❝❡ εm s✉❝❤ t❤❛t R
∗
εmuεm → um ❛s εm → 0 str♦♥❣❧② ✐♥ L
r(Bm) ❛♥❞ ♣♦✐♥t✇✐s❡ ❛✳❡✳
✐♥ Bm✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r M ∈ N ✇❡ ❞❡♥♦t❡ u
M
ε := max {−M,min {uε,M}} ❛♥❞ ♦❜t❛✐♥ ✉s✐♥❣
▲❡♠♠❛ ✸✺ t❤❛t




























❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❤♦❧❞ ❢♦r ❡✈❡r② M ✱ ✇❡ ❛♣♣❧② ❋❛t♦✉s ▲❡♠♠❛ ✭r❡s♣✳ t❤❡ ♠♦♥♦✲


















dx dy ≤ E∞ .
❯s✐♥❣ ❛ ❈❛♥t♦r ❛r❣✉♠❡♥t✱ ✇❡ ✐♥❢❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ u : Rd → R s✉❝❤ t❤❛t
R∗ε′uε′ → u ♣♦✐♥t✇✐s❡ ❛✳❡✳✳ ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ε













dx dy ≤ E∞ .

















Pr♦♦❢ ♦❢ P❛rt ✷
❲❡ ✜rst ❝♦♥s✐❞❡r u ∈ C1c (Q)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❡t uε(x) = u(x) ❢♦r x ∈ Z
d
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✷✾
◆♦✇✱ ❧❡t Ep,s(u) < ∞ ✇✐t❤ u(x) = 0 ♦✉ts✐❞❡ ♦❢ Q✱ s❡t ε0 = 1✳ ❇② ❆ss✉♠♣t✐♦♥ ✸✱ ✇❡ ✜♥❞
u ∈ W s,p(Rd) ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❜② ▲❡♠♠❛ ✶✹ ✇❡ ✐♥❢❡r uk := ηk ∗ u → u ✐♥ W
s,p(Rd)✳









Ep,s(uk) = Ep,s(u) .
❋r♦♠ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡r❡ ❡①✐sts εk > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ε < εk✱ |Ep,s,ε(uk)− Ep,s(uk)| <
|Ep,s(u)− E (ηk ∗ u)| ❛♥❞ ✐♥ t♦t❛❧
|Ep,s,ε(uk)− Ep,s(u)| < 2 |Ep,s(u)− Ep,s(ηk ∗ u)| .
❙❡tt✐♥❣ uε := uk ❢♦r ❛❧❧ ε ∈ [εk+1, εk)✱ ✭✾✮ ❤♦❧❞s✳
❆ Pr♦♦❢s ♦❢ ❆✉①✐❧✐❛r② r❡s✉❧ts
❆✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✹
▲❡♠♠❛ ✸✼✳ ▲❡t u ∈ W s,p(Rd)✳ ❚❤❡♥
lim
h→0
‖u(·)− u(· − h)‖s,p → 0 . ✭✹✸✮
Pr♦♦❢✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡
lim
h→0
‖u(·)− u(· − h)‖Lp(Rd) → 0
❛♥❞ ✐t ♦♥❧② r❡♠❛✐♥s t♦ s❤♦✇
lim
h→0
[u(·)− u(· − h)]s,p → 0 .
❙✉♣♣♦s❡ u ∈ C∞c (R
d) ❛♥❞ ❧❡t B ❜❡ ❛ ❜❛❧❧ t❤❛t ❝♦♥t❛✐♥s t❤❡ s✉♣♣♦rt ♦❢ u✳ ❲❡ ✇r✐t❡ uh(x) :=
u(x− h) ❛s ✇❡❧❧ ❛s f(x, y) = u(x)− u(y) ❛♥❞ s✐♠✐❧❛r❧② fh(x, y)✳ ❙✐♥❝❡✱ ❢♦r s♠❛❧❧ h✱ f(x, y) =














|f(x, y)− fh(x, y)|
p
|x− y|d+sp


















❋♦r ❡✈❡r② δ > 0 t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ ❛♥ ✐♥t❡❣r❛❧ ♦✈❡r
Aδ := {(x, y) : x ∈ 2B, |x− y| < ξ}
❉❖■ ✶✵✳✷✵✸✹✼✴❲■❆❙✳P❘❊P❘■◆❚✳✷✺✹✶ ❇❡r❧✐♥ ✷✵✶✽
❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✸✵
❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t✳ ❲❡ ✜♥❞




















= 2p+2 ‖∇u‖p∞ |2B| |S
d−1| δp−sp .
❚❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ❝♦♥✈❡r❣❡s t♦ 0 ❛s h→ 0 ❛s ✐t ✐s ❜♦✉♥❞❡❞ ❜②
δ−d−sp4 ‖u− uh‖ → 0 .
❍❡♥❝❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t limh→0 [u(·)− u(· − h)]s,p ≤ Cδ
p−sp ❢♦r ❡✈❡r② δ > 0✱ ✐♠♣❧②✐♥❣ ✭✹✸✮✳
❋♦r ❛r❜✐tr❛r② u ∈ W s,p(Rd) t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❢r♦♠ ❛ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✳
❘❡♠❛r❦ ✸✽✳ ❱✐❛ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❧❛st ▲❡♠♠❛ ✐♠♣❧✐❡s t❤❛t h 7→ ‖u(·)− u(· − h)‖s,p
✐s ❝♦♥t✐♥✉♦✉s✿∣∣∣‖u(·)− u(· − h1)‖s,p − ‖u(·)− u(· − h2)‖s,p∣∣∣ ≤ ‖u(· − h1)− u(· − h2)‖s,p .
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✹✳ ❋✐rst ♥♦t❡ t❤❛t ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t
‖u ∗ ηk‖Lp(Rd) ≤ ‖u‖Lp(Rd) ❛♥❞ lim
k→∞
‖u ∗ ηk − u‖Lp(Rd) = 0
❛♥❞ ✐t ♦♥❧② r❡♠❛✐♥s t♦ s❤♦✇
[u ∗ ηk]s,p ≤ [u]s,p ❛♥❞ lim
k→∞
[u ∗ ηk − u]s,p = 0 .



























































ηk(z) [u(·)− u(· − z)]s,p dz
→ 0 ❛s k →∞ .
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✸✶
❆✳✷ Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✶✻
❚❤❡ ❘❡♠❛r❦ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✳
▲❡♠♠❛ ✸✾✳ ▲❡t ϕ ∈ C1c (R
d)✳ ❚❤❡♥ ❢♦r ❡✈❡r② ε > 0✱ p ∈ (1,∞)✱ s ∈ (0, 1) ❛♥❞ u ∈ W s,p(Zdε)
✐t ❤♦❧❞s ϕu ∈ W s,p(Zdε) ❛♥❞ t❤❡r❡ ❡①✐sts s♦♠❡ C > 0 ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε s✉❝❤ t❤❛t
‖ϕu‖s,p,ε ≤ C ‖u‖s,p,ε ‖ϕ‖C10 (Rd) . ✭✹✹✮






















y ∈ Rd : |x− y| < 1
}










































































δu (x, y) |ϕ(y)|
|x− y|d+ps
|δuϕ (x, y)|













❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ✭✹✹✮✳
❆✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✼
❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✼ ❛❢t❡r t❤r❡❡ ❛✉①✐❧✐❛r② ❧❡♠♠❛s✳ ❚❤❡ ✜rst ▲❡♠♠❛ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t t♦
▲❡♠♠❛ ✻✳✶ ✐♥ ❬✽❪✳
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❋✳ ❋❧❡❣❡❧✱ ▼✳ ❍❡✐❞❛ ✸✷






❢♦r ❡✈❡r② ε > 0✱ ❡✈❡r② x ∈ Zdε ❛♥❞ ❡✈❡r② ♠❡❛s✉r❛❜❧❡ s❡t E ⊂ R
d ✇✐t❤ ✜♥✐t❡ ♠❡❛s✉r❡✳









✱ s❡❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✸✳
❚❤❡♥✱ ❢♦r ❡✈❡r② ρ˜ ≥ ρ ✇❡ ✜♥❞ |Bρ˜(x)|ε ≥ |E|ε ❛♥❞ ❤❡♥❝❡∣∣∣E∁ ∩ Bρ˜(x)∣∣∣
ε
































































)✱ z ∈ Zdε\{0}✳ ❖♥ ❡❛❝❤ ♦❢ t❤❡s❡ ❝❡❧❧s✱ ✇❡ ✇❛♥t t♦
❡st✐♠❛t❡ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠❛❧ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f(y) = |y|−d−ps✳
❉✉❡ t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ♦❢ t❤✐s ❢✉♥❝t✐♦♥✱ t❤❡ ❝❧♦s❡r ♦♥❡ ♦❢ t❤❡ ❝❡❧❧s Cε(z) ❧✐❡s ♥❡①t t♦ 0✱
t❤❡ ❤✐❣❤❡r ✇✐❧❧ ❜❡ t❤❡ r❛t✐♦ ✐♥ f ✳ ❚❤❡ ❜✐❣❣❡st ✈❛❧✉❡ t❤❛t f ❝❛♥ ❛tt❛✐♥ ♦♥ Rd\Cε(0) ✐s ε
−d−ps✳

































































◆♦✇ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ✐♥t❡❣r❛t✐♦♥ ✉s✐♥❣ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳
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❋r❛❝t✐♦♥❛❧ p✲▲❛♣❧❛❝✐❛♥ ❡♠❡r❣✐♥❣ ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ✸✸
▲❡♠♠❛ ✹✶ ✭❬✽✱ ▲❡♠♠❛ ✻✳✷❪✮✳ ▲❡t s ∈ (0, 1) ❛♥❞ p ∈ [1,∞) ❜❡ s✉❝❤ t❤❛t sp < d✳ ❋✐① T > 1
❛♥❞ ❧❡t N ∈ Z✱ ❛♥❞













❢♦r ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t C = C(d, s, p, T )✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ N ✳
❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥t ♦❢ ❬✽❪✱ ▲❡♠♠❛ ✻✳✸✳
▲❡♠♠❛ ✹✷✳ ▲❡t s ∈ (0, 1) ❛♥❞ p ∈ [1,∞) ❜❡ s✉❝❤ t❤❛t sp < d✳ ▲❡t f ∈ L∞(Zdε) ❜❡ ❝♦♠♣❛❝t❧②
s✉♣♣♦rt❡❞✳ ❋♦r ❛♥② k ∈ Z ❧❡t
ak :=















❢♦r s♦♠❡ s✉✐t❛❜❧❡ ❝♦♥st❛♥t C = C(d, s, p) > 0✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♥♦t ♦♥ ε✳
Pr♦♦❢✳ ❲❡ ✜rst ❡♠♣❤❛s✐③❡ t❤❛t ||f(x)| − |f(y)|| ≤ |f(x)− f(y)| ❛♥❞ ❤❡♥❝❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r






✇✐t❤ Ak+1 ⊂ Ak
ak :=
∣∣{f > 2k}∣∣ ✇✐t❤ ak+1 ≤ ak .
❲❡ ❞❡✜♥❡
Dk := Ak\Ak+1 =
{
2k+1 ≥ f > 2k
}
❛♥❞ dk := |Dk| ✇✐t❤
dk ❛♥❞ ak ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ t❤❡② ❜❡❝♦♠❡ ③❡r♦ ✇❤❡♥ k ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱










Dl = Ak . ✭✹✺✮








❚❤❡ ✜rst ❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t t❤❡ s❡r✐❡s
∑
l≥k dl ❛r❡ ❝♦♥✈❡r❣❡♥t✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ ♥♦t❛t✐♦♥✱
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◆♦✇✱ ✇❡ ✜① i ∈ Z ❛♥❞ x ∈ Di✳ ❋♦r ❡✈❡r② j ∈ Z✱ j ≤ i− 2 ❛♥❞ ❡✈❡r② y ∈ Dj ✇❡ ❤❛✈❡
|f(x)− f(y)| ≥ 2i − 2j+1 ≥ 2i − 2i−1 = 2i−1























❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✹✵✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ Z ❛♥❞ ❡✈❡r②













































l−1 dl =: c0S , ✭✹✼✮












































































l−1 dl ≤ S .
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i−1 ai − c0S










































❛♥❞ ❤❡♥❝❡ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s✳
❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ✜rst ❙♦❜♦❧❡✈ t❤❡♦r❡♠✳











❛♥❞ ❢♦r f ∈ L∞(Zdε)✳ ■♥❞❡❡❞✱ ❢♦r ❛r❜✐tr❛r② f ∈ W






















❞✉❡ t♦ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ fN → f ✳
❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s
Ak :=
{
|f | > 2k
}
✇✐t❤ Ak+1 ⊂ Ak
ak :=
∣∣{|f | > 2k}∣∣ ✇✐t❤ ak+1 ≤ ak
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■t ♦♥❧② r❡♠❛✐♥s t♦ ❛♣♣❧② ▲❡♠♠❛ ✹✷ ❛♥❞ r❡❧❛❜❡❧✐♥❣ t❤❡ ❝♦♥st❛♥t C t♦ ✜♥❞ ✭✶✽✮ ✐♥ ❝❛s❡ q = p⋆✳




































❆✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✾
Pr♦♦❢✳ ❙✐♥❝❡ Q ✐s ❛ ✉♥✐❢♦r♠ ❡①t❡♥s✐♦♥ ❞♦♠❛✐♥✱ t❤❡ ❢❛♠✐❧② R∗εu
ε ✐s ♣r❡❝♦♠♣❛❝t ✐❢ ❛♥❞ ♦♥❧②
✐❢ R∗εEεu
ε ✐s ❝♦♠♣❛❝t✱ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ♦♣❡r❛t♦r Eε ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✺✳ ❲❡ ✇✐❧❧ ❛♣♣❧②
t❤❡ ❋r❡❝❤❡t✲❑♦❧♠♦❣♦r♦✈✭✲❘✐❡s③✮ t❤❡♦r❡♠ t♦ ♣r♦✈❡ ❝♦♠♣❛❝t♥❡ss ♦❢ R∗εEεu
ε✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t















ε(·+ h)‖Lq(Rd) → 0 . ✭✺✵✮
◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✾✮ ❛r❡ s❛t✐s✜❡❞ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✶✼ ❛♥❞ ❘❡♠❛r❦ ✶✻✳ ❚❤✉s✱ ✐t
♦♥❧② r❡♠❛✐♥s t♦ s❤♦✇ ✭✺✵✮✳
❋♦r h ∈ Rd ✇❡ ✇r✐t❡ τhu(x) := u(x + h)✱ ✇❤❡♥❡✈❡r t❤✐s ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱ ❢♦r






❲❡ ✜rst ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✐♥ ❝❛s❡ q = p✳ ▲❡t h ∈ Zdε ❛♥❞ η := 10h✳ ❲❡ ❞❡✜♥❡ Bη,ε :={




y ∈ Rd : |y| < |η|
}
✳ ❙✐♥❝❡ h ∈ Zdε ✇❡ ❛❧✇❛②s ❤❛✈❡ η ≥ 10ε






























‖u− τyu‖p,ε + ‖τhu− τyu‖p,ε
)
.
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= C ‖u‖W s,p(Zdε) |Bη| |η|
s .
❆❧s♦ ✇✐t❤ B2η,ε(h) :=
{
y ∈ Zdε : |y − h| ≤ 2|η|
}



























= 2d+psC ‖u‖W s,p(Zdε) |Bη| |η|
s .
❚❤✐s ✐♠♣❧✐❡s
‖u− τhu‖p,ε ≤ C ‖u‖W s,p(Zdε) |h|
s . ✭✺✶✮
◆♦✇✱ ❧❡t Cε := [−ε, ε]
d ❜❡ t❤❡ ❝✉❜❡ ♦❢ s✐③❡ ε ❛♥❞ ❧❡t h ∈ Rd\Cε✳ ❋✉rt❤❡r✱ ❧❡t Z
d
ε,h :={
z ∈ Zdε : (z + Cε) ∩ (h+ Cε) 6= ∅
}























V (z, h) ‖u‖W s,p(Zdε) |2h|
s
≤ C ‖u‖W s,p(Zdε) |h|
s .






V (z, h) ‖u‖W s,p(Zdε) |z|
s .
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|h|s ✐❢ h ∈ Rd\Cε
|h| ✐❢ h ∈ Cε
.





|h|s ✐❢ |h| > 1
|h| ✐❢ |h| ≤ 1
. ✭✺✷✮
❚❤✐s ✐♠♣❧✐❡s ✭✺✵✮ ✐♥ ❝❛s❡ p = q✳
■♥ ❝❛s❡ q < p✱ ✇❡ ✉s❡ ❘❡♠❛r❦ ✶✻ ❛♥❞ ❧❡t Q˜ ❞❡♥♦t❡ t❤❡ ❝♦♠♠♦♥ s✉♣♣♦rt ♦❢ Eεu
ε✳ ❲❡ t❤❡♥






∣∣∣Q˜∣∣∣ p−qp ‖R∗εEεuε − τhR∗εEεuε‖ qpLp(Rd) ,
❛♥❞ ❤❡♥❝❡ ❝♦♠♣❛❝t♥❡ss ❜② ✭✺✷✮✳
■♥ ❝❛s❡ q ∈ (p, p⋆) ✇❡ ✉s❡ t❤❡ s❛♠❡ tr✐❝❦ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✼✿ ✇❡ ❤❛✈❡ ❢♦r
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